SKIT

Karlsruher Institut fir Technologie

Higher-Order Electroweak Corrections
to Dark Matter Direct Detection

in the Dark Complex Scalar Extension
of the Standard Model

Master Thesis
of

Tizian Marco Romer

at the Institute for Theoretical Physics (ITP)
of the Karlsruhe Institute of Technology (KIT)

Reviewer: Prof. Dr. M. M. Mihlleitner
Second Reviewer: Prof. Dr. U. Nierste
Advisor: M. Sc. Jonas Miiller

Duration: June 01, 2019 — June 03, 2020

KIT — The Research University in the Helmholtz Association WWW. k It . ed U






Declaration of Authorship

I hereby certify that the thesis I am submitting is entirely my own work except otherwise
indicated. I am aware of the University’s regulations concerning plagiarism, including those
regulations concerning disciplinary actions that may result from plagiarism. Any use of the
works of any other author, in any form, is properly acknowledged at their point of use.

Karlsruhe, June 03, 2020 Tizian Marco Romer

Accepted as Master Thesis

Karlsruhe, June 03, 2020 Prof. Dr. M. M. Miihlleitner






Contents

Introduction
The Lagrangian and Parameters of the DCxSM

Dark Matter Direct Detection

3.1 Kinematics . . . . . . . . e
3.2 The Detection Rate . . . . . . . . . .. ..
3.3 The Cross Section . . . . . . . . . . e
3.4 The Nucleon Cross Section in Effective Field Theory . . . . . ... .. ..
3.5 Current Limits of Direct Detection Experiments . . . . . . . . ... .. ..
3.6 The Relic Abundance. . . . . . . . . . . . ... ... e

Renormalization of the DCxSM

4.1 Principles of Regularization and Renormalization . . . . . . .. .. .. ..
4.2 Higgs Self-Energy . . . . . . . . . .
4.3 Tadpole Renormalization . . . . . . . . . ... ... ...
4.4 Mixing Angle Renormalization . . . . . . .. .. ... ... ... ...,
4.5 Renormalization of the Dark Matter Particle . . . ... ... ... .. ..
4.6 x% Higgs Vertex Renormalization . . . . . . ... .. ... .........
4.7 Renormalization of Fermions . . . . . ... ... ... ... ... ...,
4.8 Renormalization of the Gauge Sector . . . . . . . ... ... ... ... ..
4.9 gq—Higgs Vertex Renormalization . . . . . . . ... ... ... ... ....
4.10 Overview: Counter Propagators and Vertices . . . . .. .. .. ... ...

The Amplitude of Dark Matter Direct Detection in the DCxSM

5.1 Tree Level . . . . . . . . e
5.2 NLO Diagrams with External Quarks . . . . . ... ... ... ......
5.3 NLO Diagrams with External Gluons . . . . . . . . ... ... .......
5.4 Matching the Amplitude to the Effective Operators . . . . . . . .. .. ..

Numerical Analysis

6.1 Numerical Values of the Parameters . . . . .. ... .. ... .......
6.2 Parameter Scan . . . . . . ...
6.3 Behavior with Respect to Selected Parameters and Gauge Dependence . . . .

Conclusion

10
11
13
16
17

19
20
25
27
31
33
33
34
37
43
44

49
49
50
54
64

67
67
68
71

75



i Contents

Appendix 77
A The Higgs Mass Mixing Angle s
B Vanishing Propagator and Vertex Corrections 79
Glossary 83
List of Figures 84
List of Tables 85
List of Used Software 86
Bibliography 87

Acknowledgements 94



CHAPTER 1

Introduction

By the end of the establishment of Quantum Mechanics during the first three decades of the
20th century, describing electromagnetic radiation in atoms within the framework of Quantum
Mechanics required a formalism that was able to describe the creation and annihilation of
particles as well as the interaction between electrons and photons. It was Paul Dirac who
provided a first proper treatment of this problem in his paper The Quantum Theory of the
Emission and Absorption of Radiation in 1927 [1]. By combining Quantum Mechanics, the
Special Theory of Relativity as well as Classical Field Theory, Dirac, Pascual Jordan, Eugene
Wigner and others laid the foundation for Quantum Electrodynamics (QED), the first kind of
a Quantum Field Theory (QFT). It describes the electron and the photon as well as their
interactions and naturally gives rise to the antiparticle of the electron, the positron [2].

The 1930s and 1940s were dominated by the challenge of handling the infinities which
Robert Oppenheimer found to be a generic feature of computations for any higher-order
correction to observables of QFTs [3]. The breakthrough came around 1950 with a series of
papers by Richard Feynman, Julian Schwinger, Sin-Itiro Tomonaga and Freeman Dyson, in
which the procedure of renormalization was developed to consistently cancel all infinities (see
[4] and references therein).

In order to theoretically describe the experimentally established observations of the weak
and the strong interaction, generalizations of QED were proposed, in particular theories with
non-Abelian gauge symmetries. Until the early 1970s, this process had lead to the discovery of
the Electroweak Theory — describing the weak interaction by using the mechanism of symmetry
breaking that gives rise to the Higgs boson [5-7] — as well as Quantum Chromodynamics
(QCD), which describes the strong interaction between quarks. At the same time, also the
Standard Model of Elementary Particles (SM) started taking shape [2].

Meanwhile, particle accelerators were constructed that allowed for the observation of
particle collisions at higher and higher energies. Their findings accompanied the development
of the theories or confirmed their predictions retrospectively. In this way, more and more
new particles were experimentally discovered and appropriately built into the framework of
the SM. Finally, with the discovery of the Higgs boson in 2012 at the Large Hadron Collider
(LHC) at CERN, the last piece of the SM was experimentally confirmed [8, 9].

Together, QFT and the SM have been very successful in predicting experimental results to
a high precision (see for example [10, 11]), yet there are still phenomena they cannot explain.
One of the outstanding problems in modern physics is Dark Matter (DM).

In 1933, Fritz Zwicky used the virial theorem to determine the mass of the Coma galaxy
cluster and was the first who found that the density of luminous matter is much smaller than
the density of DM [12, 13]. Until today, by various methods, astronomers have found striking
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evidence for the existence of considerable amounts of gravitationally interacting (i. e. massive)
and non-luminous (i. e. electrically neutral) matter in the universe: Dark Matter. While in
the early stages of DM research DM was mainly thought of as non-luminous ordinary matter,
such as planets, nebulae or gases [13], these possibilities were eventually ruled out (see for
example [14]). In the 1980s it became the leading paradigm that DM consists of non-baryonic
particles [13]. However, the specific nature of DM remains unclear until today.

A promising DM candidate class is the weakly interacting massive particle (WIMP). In
order to produce the observed DM relic abundance through the freeze-out mechanism, the
DM particles must self-annihilate with a cross section o of about (ov) ~ 10726 cm3s~! [15],
where v is the relative velocity of the annihilating particles and (-) the thermal expectation
value. The fact that this order of magnitude corresponds to the cross section of interactions
transmitted by the weak force has been referred to as the WIMP miracle and serves as an
excellent motivation for the study of WIMPs [13].

In order to incorporate such a DM candidate, the SM needs to be extended. The Higgs
potential of the weak sector of the SM Lagrangian is so far experimentally only weakly
constrained and extending it leads to a rich spectrum of phenomenological characteristics
[16].

In this work, a specific minimal extension of the SM is studied, the Dark Complex Scalar
Eaxtension of the Standard Model (DCxSM), in which a new complex singlet is added to
the Higgs sector of the SM Lagrangian, which — after electroweak symmetry breaking —
gives rise to a scalar field describing a DM particle candidate [17]. For this candidate, the
spin-independent cross section for DM Direct Detection experiments is computed, which
aim for detecting the scattering of a DM particle with a nucleus from some target material.
Since the tree-level contribution to this cross section vanishes in the non-relativistic limit
(see Sec. 5.1), higher-order corrections have to be taken into account.

The DCxSM is introduced in Chapter 2. In Chapter 3, an overview over the experiments
that have been and are currently conducted to detect DM is provided, focusing in partic-
ular on DM Direct Detection experiments, for which the kinematics and the connection
between experimental measurements and theoretical calculations is presented in detail. The
renormalization of DCxSM, which is required for the higher-order calculations, is presented
in Chapter 4. In Chapter 5 it is explained which diagrams are taken into account and
which techniques have been applied to compute them. Finally, the results are analyzed and
compared to current experimental exclusion limits in Chapter 6, and in Chapter 7 the work
and the results are summarized.



CHAPTER 2

The Lagrangian and Parameters of the DCxSM

In this chapter the Dark Complex Scalar Extension of the Standard Model (DCxSM) is
introduced. The DCxSM is a modification of the SM that exclusively affects the Higgs sector,
where a new complex scalar field S is added as a singlet under the gauge group. Being a
singlet, it comes with the kinetic term |9*S|?, which does not contain a covariant derivative,
and therefore S does not couple to any gauge bosons.

The Higgs sector potential in the DCxSM is given by [17]

B30 2 L M s B a2 L AS a4 22m§<2*2
Vo= —HHP + I HI' = S+ IS+ s [HEIS = (57 +97) . (2.1)

Here, H is the SM Higgs doublet and the first two terms of V are precisely as in the SM.
Adding the latter four terms yields the Higgs potential of the DCxSM. The DCxSM has a
global U(1) symmetry corresponding to the transformation S — €S that is softly broken
by the last two terms of the potential (2.1).

For the potential to be stable (that is, to tend to plus infinity for |H|,|S| — o0), it is
required that [18]

Ag > 0, Ag > 0, Ags > —vV A - (2.2)

The vacuum expectation values (VEVs) of the fields H and S are chosen to be

=25 (). ©=2 23)

with v and vg being real and positive. By definition, the VEVs are minima of the potential
and thus fulfill the tadpole conditions

oV
— =0 < Tq = Y (—,U,I%I—}—)\H’L)Q—}—)\Hgvg) =0,
OH |y 2 -
oV v )
99 =0 <~ TsE?S(—M%+)\Svg+)\HsU2—mi):0.

VEV

The specification “VEV” in these equations means that H and S are replaced by their VEVs
(H) and (S) from Eq. (2.3), respectively. As at higher-order in perturbation theory the
tadpole parameters Ty and Tg need to be renormalized (see Sec. 4.3), which is why we will
not set them to zero in the subsequent equations.
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Expanding the fields H and .S about their VEVs yields

G 1 .
}{:<j2@+¢m+4G%>’ 5= s+ s +ix) (2.5)

in terms of real fields ¢p1, G, ¢ and y and a complex field G*. ¢y and ¢g are the Higgs
boson fields in the gauge basis. G and G° are the massless charged and neutral Goldstone
bosons, respectively.

Plugging the expansion (2.5) into the potential (2.1) and using the definitions (2.4) to
replace pyg and pg by Ty, Tg, v and vs, the potential becomes

V=Vo+Vi+Va+Vs+ Vi, (2.6)
where
Vi =Tu¢u +Ts ¢s, (2.7)
V= %(CbHaQSS)M% (ZS)
1 2 1 2 1 +12 1 0\2 (28)
+2<mX+USTs>X + o Tr|GT + o T (GT)7,
Vs = % (Anv ¢ + Asvs ¢3) + %)\HS (vs Pfids + v ueE + v Pux’) 29)
+ %Asvs psx* + % (Amv ém + Ausvs ¢s) (2|G+|* + (G°)?), |
Vi= 5 Ok As 04+ st + 4GP+ A (G7)")
+ 7 Ous 64+ Auss G + s 63°) (210)
+ 5 O g+ s 88+ s x?) (2167 + (692) + [ GHRGP

and Vp contains all constant terms (without any fields). The squared mass matrix M2 in
Eq. (2.8) is given by

2 _ A g2 o dmav?  Amsvug (Tu/v 0
MT_M+T,/w_(AHSwS e ) T= (0" ) (2.11)

The matrix M? can be diagonalized by an orthogonal matrix

[ cosa sina
R(a) = (— sina  cos a) (2.12)
such that
2
M? = R(a) M* R} a) = <n81 173%) , (Z;) = R(«) <2}SI> , (2.13)



where h; and hgy are the Higgs mass eigenstates. The eigenvalues of M?, i.e. the squared
mass values of the Higgs mass eigenstates, are given by

1 1 1 2
miQ = 5)\}11}2 + 5)\31)% F 5\/()\1{1)2 —Agvd)” + (2 Hsv0s)? (2.14)

such that m? < m3. Finally, the following identities for the Higgs mass mixing angle o can
be derived from (2.13) (see App. A),

tan 2 2AHgsvUs
an2q¢g = —————
Av? — Agvd’

— 2 g vv
sin 200 = — 05 (2.15)

my —my

Agv2 — Apgv?
cos 2 = 85271{2

my —my

The Higgs sector potential (2.1) of the DCxSM has six independent real parameters: The
mass parameters ,u%l, ,u% and mi as well as the quartic couplings Ay, Ag and Ags. By the
minimization conditions (2.4), the parameters ,uIz{ and ,u% can be replaced by a combination
of v, vs, Ty and Tg. Furthermore, due to the Eqs. (2.14) and (2.15), it is possible to exchange
AH, As and Ags in favor of m%, m% and « as follows,

2 2
ms—my .
Ais = ——2—2 gin 20,
2vvg
2 w12 2.2
ms5 sin® o + my cos”
2 1
A = - , (2.16)

\ m3 cos® a + m? sin? o
S = :

2
vs
This leads to the following set of eight independent parametersin the Higgs sector,

vaS7a7 m%7m%7mi7TH7TS' (2'17)
The tadpoles Ty and Ty are fixed during renormalization in Sec. 4.3. Moreover, v ~
246 GeV [11] is the VEV of the SM-like Higgs boson and one of the masses mj or mg is
identified as its mass of 125 GeV [19]. Therefore, only the following four parameters of the
DCxSM are truly free in the sense that their values are yet unknown and would have to be
fixed by future experiments,
vs, «, m?or ms, mi (2.18)
The Higgs sector potential (2.1) is symmetric under the transformation S — S*. Conse-
quently, the potential in the form of Egs. (2.6)—(2.10) (that is, after electroweak symmetry
breaking) is symmetric under the transformation x — —y. This Zy symmetry ensures that
the particle represented by the field y cannot decay into other particles: it is stable. Moreover,
X has a non-zero mass m,. Hence, x represents a stable DM candidate [17].
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Since x is a pseudo Goldstone boson, this type of a DM particle is also called pseudo
Goldstone Dark Matter [17]. In the DCxSM, the DM candidate x interacts with particles of
the Higgs sector only, which is why the DCxSM is a Higgs-portal model [20]. Being introduced
as a particle of the weak sector, the DCxSM DM candidate x also falls into the category of
WIMPs.



CHAPTER 3

Dark Matter Direct Detection

It is assumed that galaxies are generally enveloped by a DM halo, in which all visible
structures of the galaxy are embedded [21, 22]. While traveling around the sun and together
with the sun around the center of the milky way, the earth moves through this DM halo.
Since DM is only weakly interacting, most of the DM goes through the earth without any
effect. In order to investigate the properties of the DM particles, the rare interactions between
them and ordinary matter have to be observed.

There are three distinctive types of DM—-SM interactions that require different experimental
setups to detect the effect of a DM particle: Production at colliders, Indirect Detection and
Direct Detection. These three different processes are visualized in Fig. 3.1.

The Production channel can be exploited using particle colliders: The scattering of two
SM particles might produce DM particles; although they cannot be directly detected by the
particle detectors of the collider, one can infer their existence and properties from the missing
energy-momentum that they carry away. Such searches are carried out for example at the
LHC at CERN. So far, the observations are consistent with the SM expectations and no
production of DM particles has been observed. Future runs of the LHC will further increase
the sensitivity for the detection of DM production [24].

DM searches making use of the Indirect Detection channel look for SM particles that have
been produced by the annihilation or decay of DM particles. Such events happen most
probably in dense regions of the universe — like the center of the Milky Way or our sun — and
might for example produce gamma rays that can be detected by telescopes like VERITAS
[25]. Neutrino detectors like IceCube or Super-Kamiokande are currently looking for DM
annihilation into neutrinos [26, 27].

In this thesis, the channel of Direct Detection is considered. Direct Detection experiments
aim for detecting the rare events when a DM particle does not go through the earth without

Direct Detection

Production /\Q Indirect Detection

SM SM

Figure 3.1: Channels for DM detection. y is the DM particle and SM stands for any SM particle
(or a nucleus or nucleon that is composed of SM particles). Diagram inspired by [23].
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any effect but scatters off a nucleus from the target material of the detector. The target
material can be either solid, like for example the Nal(Tl) crystals of the DAMA experiment
[28], or liquid, like the xenon of the XENON100 experiment [29]. In both cases, the atoms
of the target material are excited by the scattering with a DM particle and the subsequent
de-excitation causes the emission of light, which is in turn measured by photomultipliers that
are installed around the target material [23]. Some more details about these experiments as
well as their current results are given in Sec. 3.5.

In Sec. 3.1, the kinematics of Direct Detection scattering is examined. After that, in
Secs. 3.2 and 3.3, it is worked out how the measurable detection rate is linked to the
scattering cross section and amplitude. In this work, the formalism of Effective Field Theory
is employed to handle the results standardized way and to incorporate nuclear physics. This
formalism and its application to the computation of the Direct Detection cross section in the
DCxSM is introduced in Sec. 3.4. Finally, Sec. 3.6 provides a short introduction about the
consideration of the relic density.

3.1 Kinematics

The detector material of typical Direct Detection experiments is kept at a low temperature.
For example, the detector material of the XENON100 experiment uses 62 kg of liquid xenon
as a target material that is kept at a temperature of T'= —91°C [29]. Therefore, the target
nuclei can be treated at rest initially [30].

Since the DM halo is a gravitationally bound object, the velocity of the DM particles can
be assumed to be smaller than the escape velocity of the galaxy. In 2006, the RAVE survey
found a likeliest value for this escape velocity of vese = 544km/s =~ 2 - 1073 ¢ [31], implying
that a non-relativistic treatment of the Direct Detection kinematics is justified.

Let p be the initial three-momentum'of the DM particle, p’ its final momentum, qg = 0
the vanishing initial momentum of the nucleus and qy = p — p’ the momentum transfer,
which equals the final momentum of the nucleus. In this chapter, the letter N will represent
the nucleus and x will be the DM particle. The generic Feynman diagram of this process is
depicted in Fig. 3.2.

The initial and final energies of the system are

2 _ 2 2
B-P . g P-av)” , ay (3.1)
2my 2myy 2mpy
X\£ p’/r/ X
N /(110 Cl]>A N

Figure 3.2: The process of Direct Detection. A DM particle x interacts with a nucleus N,
which is initially at rest, i.e. qo = 0. By transferring the momentum qy on the nucleus, the
momentum of the DM particle is changed from p to p’.

1 In contrast to four-momenta, three-momenta are printed in bold type in this work.
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where my is the mass of the nucleus and m, is the mass of the DM particle. Using these
expressions, it immediately follows from energy conservation F; = E; that

2UNP AN = My dX (3.2)

where upy is the reduced mass of the nucleus and the DM particle. If 6 is the angle
between p and qn (note that this is not the scattering angle as it is usually defined), then
p-ay = |p|lan|cosf implies that

jan| = 2unvcos (3.3)

where v = |p|/m, is the initial velocity of the DM particle. The recoil energy Eg, which
equals the final kinetic energy of the nucleus in this case, can thus be given by [30]

vl 20
ZmN my

Er cos? 6. (3.4)

The larger this recoil energy is, the easier is its detection. The recoil energy depends on
the mass of the target nucleon my and it is therefore an obvious goal to choose a suitable
target that maximizes the recoil energy. The maximum of Fr w.r.t. my is easily found by
solving dEgr/dmy = 0 for my, the result being my = m, [32]. Hence, under the assumption
that the DM particle is heavy (like for the well-motivated WIMPs [29]), heavy target nuclei
— such as xenon, which is the heaviest non-radioactive noble gas — are required to obtain a
large recoil energy.

The largest possible recoil energy in a Direct Detection experiment is therefore given by?

0—0 1 _

Egax = ER|m7\r—>mx - §mxf02 <2-10 GmX’ (35)
where in the last step v < vesc Was assumed. This maximum recoil energy corresponds to a
maximum momentum transfer of

lan ™ =myv < 2-103m, . (3.6)
The momentum transfer is therefore small compared to the DM mass. The approximation of
setting the momentum transfer to zero is perfectly valid. While the derivations in the rest of
this chapter will be kept general, this approximation will be employed for the computation of
the matrix elements in Chapter 5.

For a given (measured) recoil energy Eg, the minimum DM velocity vy, that can lead to
this recoil energy (at 6 = 0) is given by [30]

my

ER, (3.7)
24y

Umin =

2 In [32] the same estimation is done with a slightly different upper bound for v and hence slightly different
results.
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as can be derived from Eq. (3.4).

Note that the possibility of the nucleus being raised to an excited state due to the scattering
or any influence of the electrons of the target atom are usually neglected in Direct Detection
computations. An introductory discussion and further references on these aspects can be
found in [30].

3.2 The Detection Rate

In an (ideal) Direct Detection experiment each scattering between a DM particle and a target
nucleus is detected and the recoil energy of this scattering is measured. This data corresponds
to the physical quantity differential detection rate per recoil energy dR/dER.

On the theory side, the detection rate R of a scattering experiment with incoming scatter
particles x scattering and target particles N is given by [33]

R =Ny jxon, (3.8)

where Ny is the total number of target particles, j, is the particle flux (the rate of incoming
DM particles per area) and oy is the scattering cross section. The particle flux can be given
as particle number density n, times their velocity v, that is j, = n,v. The velocity of the
DM particles is described by some velocity distribution f(v). For Direct Detection, one is
interested in the distribution f(v) in the reference frame of the detector. Thus, also effects
like the velocity modulation due to the rotation of the earth around the sun or the movement
of the sun in the milky way should be taken into account upon proposing some specific form
for f(v) [30, p. 55].

Whatever the specific form of f(v) may be, one needs to take the average over v to find
the total detection rate R. Since o generally also depends on the velocity of the incoming
particles, it needs to be included in this average [33],

R = Nnyny (von) = Nyn,y / Bvvonf(v). (3.9)

V>Umin

The integral has a lower bound because velocities smaller than vy, are kinematically excluded,
as it was derived in the end of Sec. 3.1. In principle, the integral does not have an upper
bound, but effectively there will be some upper integration bound due to the fact that f(v)
vanishes for velocities that correspond to velocities larger than ves. in the reference frame of
the milky way.

In practice, one is usually more interested in the differential detection rate per recoil energy
per total target mass. Let us therefore define the detection rate per target mass R = R/M.
The quantity of interest will then be [23]

dR 1 dR Py <daN>

- VdER

= — = 3.10
dER MdER mymy ( )

where my = M /Ny is the mass of a single target nucleus and p, = ny,m, is the (local) DM
mass density. The value for p, needs to be taken from cosmological measurements (for details
see Sec. 3.6). The present work only deals with the particle physics content of this detection
rate, namely the cross section oy.
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3.3 The Cross Section

The differential cross section for 2 — 2 scattering with the associated four-momenta p, gy —
P, qn of the external particles is given by [34, 35]
B ’ MNP d3p' d3 qN

4B\ Enlv — vn| (27)32E! (2m)32E),

doy C(20)* W (p+q0 — P — an), (3.11)

where My is the corresponding scattering amplitude. For the case of Direct Detection
scattering, I, and Ey are the initial energies of the DM particle and the nucleon, respectively,
and E} and E} are their final energies. In the non-relativistic limit, these energies can
be approximated by the corresponding masses. The momenta p, qo, p’ and ¢y are the
four-momenta corresponding to the three-momenta from Fig. 3.2.3 Since the nucleus is at
rest, one can also set vy ~ 0. Using the abbreviation M N = My/(4mymy) and spherical
coordinates for the integration over qy, Eq. (3.11) can be brought into the following form
[30]:

M 2
doy = 7’ 2;\;‘ d3p (]qN\Qdcosﬁd\qN\) 5(4)(p+QO —p' —qn)

—WN‘QCF” deosOd|ay|?) 6(E; — E;) 6@ !

i p' (lan| deos @ dlan|*) 6(E; — Ey) 6 (p+p' — an) (3.12)
Wy l? |

- | 4;\;‘ (|qN|dc059d|qN|2) S(E; — Ey)

_ M 2

= (dcos@d|qn|*) 6(cosd — |an|/(2unv))-

The implicit integral over the polar angle was already evaluated in the first step. In the last
step, it was used that

E; — E; = vlqy] <cos9 - m> (3.13)

as well as d(ax) = a~16(z).

The total cross section is now easily obtained by integration [30],

B |MN’2 1 00 )
ON =3 dcos 6 dlan|*0(cos @ — |an|/(2unv))

v -1 0
M ? /°° 2

= 2 — (3.14)
T ), dlan|®0(2unv — |an|)
2 ~

= EN 2.
T

Note that the integration range of cosf restricts the integration range of d|qy|? to the

3 Note that here, in contrast to Sec. 3.1, all energies are not only the kinetic energies but the total relativistic
energies that include the rest energy. The four-momentum of the incoming nucleon is go = (mun, 0) in the
approximation of the nucleon being at rest initially.
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kinetmatically allowed values of |qn| according to Eq. (3.3). In Sec. 3.1 it was shown that this
interval is much smaller than the scale of the scattering process. Hence, it can be assumed
that the amplitude My is approximately constant within the integration range — more
specifically, the momentum transfer can be set to zero in the amplitude M y. Furthermore,
this justifies that My was pulled out of the integral in Eq. (3.14).

For the differential detection rate (3.10), the derivative doy/dER is required. Using
dlan|?/dERr = 2my, which follows from Eq. (3.4), this derivative is easily obtained from
Eq. (3.12),

d ~
IN _ LNQ]M]QdCOSH(S(COSG — lan|/(2unv))

dEg  2mv
mN ~ 92
= — 0(2 — 3.15
I ’M| ( UNY |QN|) ( )
MmMNON
= m G(U — Umin) .

In the last step, the amplitude was replaced by the cross section using Eq. (3.14). vpi, has
been given in Eq. (3.7). This result can now be plugged into the formula for the differential
detection rate, Eq. (3.10). Note that the lower limit for the velocity as dictated by the
heaviside 6 function in Eq. (3.15) has already been implemented in the definition of the
velocity average in Eq. (3.9).

So far, the specific interactions that lead to the interaction of the DM particle with the
nucleon have been treated as a black box on the level of the nucleon. That black box was
called “amplitude My"” or alternatively “cross section on”. It is desirable, however, to
rather work on the level of nucleons n instead of nuclei N because the results will then be
independent of the used target material. Interestingly, the whole derivation of this section
works exactly in the same way also for the scattering between DM and a nucleon instead of
a nucleus. Simply replace all N by n. One can therefore conclude that Eq. (3.14) can be
translated directly to the level of nucleon scattering [30],

2
o, = %\MHF, (3.16)

where u, is the reduced mass of the DM particle and the nucleon. Further steps on how the
amplitude M,, is computed are provided in Sec. 3.4. The remainder of the current section is
dedicated to the question of how oy is related to oy,.

An effective Lagrangian for the scattering of two DM particles x and a nucleon n and its
antinucleon n looks like

Lo = apx’nn, (3.17)
where n is the nucleon spinor field and

'L
- Ox20nodn

Qp

(3.18)

is the effective coupling. The amplitude M,, that follows from a Lagrangian (3.17) for the
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scattering of the DM particle and the nucleon is

X X

-

@ = iM, = iaptnt, =1 - 2myap, , (3.19)

n n

where it was used that the spinors of the nucleon u,, and wu,, depend on the same momentum
due to the limit of vanishing momentum transfer and hence u,u, can simply be replaced by
its normalization 2m,,. By analogy, let the effective coupling of the nucleus scattering be
related to the nucleus amplitude as My = 2mpyay.

For spin-independent scattering, the couplings to the nucleon «,, and to the nucleus ay
can be related by a form factor F'(q) as ay = A, ay, F(¢) and hence the amplitudes obey
My = Ay M, F (¢), where A, is the number of nucleons of type n in the nucleus. If one
distinguishes between protons and neutrons, a sum over n € {proton, neutron} is implied.
Using Eq. (3.14), one arrives at [36]

2
ON = M7N|ZMproton + (A - Z)Mneutron’2|F(Q)‘2 ) (320)

where Z = Aproton is the number of protons and A — Z = Ayeutron the number of neutrons in
the nucleus.* The approximation Meutron ~ Moroton yields with Eq. (3.16)

2
W
oN = —JZVAQUn|F(q)]2 (3.21)
M
for either n = proton or n = neutron. In the limit of small momentum transfer, the
approximation F'(¢ ~ 0) ~ 1 is valid [36].

In terms of the effective coupling a,, the nucleon cross section from Eq. (3.16) reads

_ L Y (3.22)
Un_47r nl” - .

My + My,

In order to give a result that is independent of detector properties (like the isotope of the
target nucleus), only results for the nucleon cross section o, are given in this thesis. Using
Egs. (3.10), (3.15) and (3.21), it is straightforward to obtain the corresponding differential
detection rate dR/dFER for specific experimental setups and assumptions for cosmological
quantities.

3.4 The Nucleon Cross Section in Effective Field Theory

Microscopically, when DM particles scatter off nucleons, they scatter off quarks or gluons,
since those are the elementary constituents. In this section, the connection between the
nucleon cross section o, and amplitudes of scattering processes of elementary particles, which
can be computed by QFT is presented.

4 The spin-dependent pendant to Eq. (3.20) is given in [36].



14 Chapter 3 Dark Matter Direct Detection

For the purpose of a standardized handling of results and the incorporation of nuclear
physics, the formalism of Effective Field Theory (EFT) will be employed in this work. The
following lines give a brief introduction to how the computational results of Direct Detection
are matched to in an effective Lagrangian.®

Effectively, the scattering of a DM particle ¥ and a quark ¢ can be described by an
interaction term C'x2qq in an effective Lagrangian, where C' is some constant, called Wilson
Coefficient. This term describes a x?@q vertex that comes with the Feynman rule

/\(\ = 2iC. (3.23)

Then, matching the full process of the scattering x + ¢ — x + ¢ to the corresponding term in
the effective Lagrangian requires that the amplitude is computed twice: Once simply with
the effective vertex (which is trivial; the result is simply 2iC') and once within the actual
model, DCxSM in this thesis (which is not trivial, since loop corrections occur). By equating
both results, C' can be extracted. Thereby, the previously unknown parameter of the effective
Lagrangian has been found explicitly and the EFT is set up.

The explicit computation of the diagrams and hence the computation of C' is done in the
subsequent chapters. In the remainder of the present chapter, C' is is assumed to be known
and it is investigated how the nucleon cross section o, is constructed from C.

In practice, a few complications arise in the picture of the EFT that has been drawn in
the paragraph above. To beginn with, not only the coupling of the DM to quarks is relevant,
but also the one to gluons. Thus, a term like C'x?gq will not be the only one that appears in
the effective Lagrangian, but there will also be a term proportional to XZGZVG‘W” , where
Gy, is the field-strength tensor of the gluon. And secondly, the amplitude that is computed
from the actual DCxSM might (and will) depend on external momenta. These momentum
dependent terms of the amplitude are described by derivatives of fields in the Lagrangian.
Hence, yet more terms have to be added to the effective Lagrangian.

For this work, the following effective Lagrangian is sufficient to describe all the possible
diagrams that will be encountered in the DCxSM Direct Detection spin-independent scattering
process [17],°

Lo =Y CLOL+CLO%+> CLOY., (3.24)
q q
where
0% = myx’aa. (3.25)
G _ % 2~a apy
OS - ?X G,uZ/G " ’ (326)

5 For a detailed introduction see [36] and the references therein.
6 In general also a twist term for the gluons exists (see [17]), but for the computation in this work it does
not contribute.
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1 o 1 1
O% = WX 10M 10" x izq <8H’yy + 61,7# — 29uya> q- (3.27)
X

Here, v, is the Dirac gamma matrix and g,, the metric tensor. The index S denotes scalar
contributions and the index 7' stands for twist contributions. O}, is the twist-2 operator [35,
37].

By differentiating the individual terms of L.g twice w.r.t. x and dropping the fields of the
nucleon particles (i.e. quarks and gluons), the Wilson coefficients C%? can be related to the

“x part” of the corresponding effective couplings a&?,

Cciol = CgquQQq = ol =2CTm,, (3.28)

99 _ g% 2 9 _ g 20
cs0 —Cs?x G, G = ay =C% .

(3.29)

If the current state of the nucleon is denoted as a ket |n), then (n|gg|n) can be interpreted
as the probability to find a quark ¢ in a nucleon n [36]. The effective coupling to the nucleon,
an, receives contributions from the coupling to the quark a‘é and from the coupling to the
gluon a%. These contributions are given by

an D (nl|qqln) o§ = 2m, 7 CT, (3.30)

o > (|G, G |n) o = — 16’9”” ey, (3.31)
where [37]

mn fy = (n|mqgqln) , (3.32)

2;"7” "= <n‘710;ﬂ_ Go, G n> (3.33)

Jq and fg are form factors that are obtained from lattice QCD simulations [38]. In this work,
their values were taken from [37] and are given in Sec. 6.1.

Finally, consider the twist term of the effective Lagrangian (3.24). The contributions to a,
in Egs. (3.30) and (3.31) were written as the coupling prefactor of the effective Lagrangian
times the matrix element of the quark and gluon part, respectively. For the twist contribution,
this implies [37]

2
Qp D C%Wpﬂpy <7”L|OZV’TL>

= C%%p“p” <n}bn <PHPZ, — im%g“y> (q"(2) + q”(2))> (3.34)
~ Sma (q"(2) +7"(2)) CF,

2

where p is the four-momentum of the DM particle, P is the four-momentum of the nucleon
and hence p - P =~ m,m, in the non-relativistic approximation. ¢"(2) and ¢"(2) are the
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second moments of a quark ¢ or an antiquark g, respectively. Just like fi" and fj' they are
numerical factors, whose values were taken from [37] in this work.

After adding up all these contributions to a,, and plugging them into Eq. (3.22), the final
result is [17]

1/ ma 8 3
on = <m:7n) D mnfyCh— gmnfiCt Tma Y (¢'(2)+7"(2)CF
X " qg=u,d,s qg=u,d,s,c,b

(3.35)

The major contribution to this cross section comes from the light quarks ¢ = u,d,s. The
leading-order interaction between two gluons and two DM particles is mediated by a Higgs
boson and a quark loop (see Fig. 5.8). Since the masses of the heavy quarks Q = ¢,¢,b
are larger than the relevant mass scale of Direct Detection, they need to be integrated out
(see Sec. 5.3.1). In the contribution from the twist-2 operator, that is in the last term of
the absolute square in Eq. (3.35), all quarks below an energy scale of ~ 1 GeV have to be
included, i.e. all quarks but the top quark [39].

3.5 Current Limits of Direct Detection Experiments

Until today, none of the experiments aiming for the detection of DM has produced evidence
for the existence of a DM particle [48]. However, not finding a detection signal in a given
experimental constellation excludes certain regions of parameter spaces.

The first experiment that produced an exclusion limit in the DM mass—cross section
space was carried out in 1986 [13, 49]. Since then, many more experiments with increasing
sensitivity have been designed. Currently the experiments with the highest sensitivity are
based on liquid xenon detectors. Especially the LUX experiment in South Dakota, USA [41],
the PANDAX experiment in Sichuan, China [40], and the XENON experiments in Abruzzo,
Italy [29], have further and further increased the sensitivity of Direct Detection.

The most obvious way to increase the sensitivity of a Direct Detection experiment is to
increase the target mass. Thus, the XENON collaboration started off with XENON10 and
a target mass of 15kg in 2006—2007 [42], went on with XENON100 and a target mass of
62kg in 2010-2014 [43] and arrived at XENON1T with a target mass of 2t in 2016-2017.
With the XENON1T experiment, the detection limit for the cross section has come down to
5 x 10747 cm? for a DM mass of 50 GeV [44]. Since no signal has been detected, the parameter
space leading to higher cross sections can be excluded. The solid lines in Fig. 3.3 show the
exclusion limits of several xenon based Direct Detection experiments. They can be deduced
from the measured differential detection rate using Eq. (3.10) [23].

Currently, the next-generation XENON10T experiment is constructed in Italy. It is expected
to lower the limit of the cross section by another order of magnitude [45]. Its prospective
limit is plotted as a dashed line in Fig. 3.3.

At even smaller cross sections (for example 1074° cm? at 50 GeV), a given signal could also
stem from the scattering between a neutrino and a target nucleus. Therefore, it would be
practically impossible to detect a DM particle using the Direct Detection channel if its cross
section lies within the gray neutrino background region (also called the neutrino floor) in
Fig. 3.3 [46].
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Figure 3.3: Limits of liquid xenon based Direct Detection Experiments. The parameter space
above the solid and dashed lines is excluded by the corresponding experiments. The dashed line
shows the prospective limit of the XENON10T experiment. The gray region on the bottom of the
diagram is the neutrino floor, below which a signal could not be assigned to the influence of DM
any more due to the background from neutrino—xenon scattering. Data taken from [40-46], using
the tool [47].

3.6 The Relic Abundance

The relic abundance of DM (Qh?)py is a measure for the density of DM in the universe. It is
defined as the absolute DM density ppy divided by the critical density p. times the squared
dimensionless Hubble parameter h,

(Qh2)pu = pzM = (3.36)
This relic density of the total amount of DM is measured by the Planck Collaboration,
yielding a value of [50]

(Qh?)py = 0.1186 + 0.002. (3.37)

The relic abundance (2h?), for a specific DM candidate can be determined in the standard
freeze-out framework, for which the program library MICROMEGAS [51] is used to calculate
the predicted relic abundance for a specific model set-up. If the predicted relic density (QhZ)X
is smaller than the observed relic density (2h?)py, the candidate x may make up for only a
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portion of the total DM in the universe. Thus, the local mass density p, of the DM candidate
X is given by

— Px (Qn%)y
Px = PDM oM ~ PDM (QhQ)

: (3.38)
DM

where ppy is the local mass density of all DM. A value of ppy ~ 0.4 GeV /em? complies with
many recent measurements [52].

Since experimental limits on DM-nucleon scattering (such as those in Fig. 3.3) are derived
assuming that the DM candidate is responsible for all the DM abundance in the universe, it
is the effective cross section [39]

Qh?
afff = fax On s where frx = (( )x

that can directly be compared with these limits.



CHAPTER 4

Renormalization of the DCxSM

In this work, higher-order electroweak corrections to the Direct Detection process in the
DCxSM are computed. When turned into analytical expressions, the Feynman diagrams of
higher-order corrections contain integrals that typically diverge. However, it can be shown
that if all diagrams that describe a given physical process up to a given order in perturbation
theory are taken into account, these divergences always cancel in measurable observables [34].
In order to handle these divergences and to systematically organize their cancellations, it is
crucial to apply the machinery of renormalization.

This chapter presents how renormalization is applied to the next-to-leading-order (NLO)
corrections of the Direct Detection process in the DCxSM. In Sec. 4.1, the basic procedure
of renormalization is introduced for a simple toy model, the ¢* theory. The subsequent
sections introduce the various generalizations and adjustments of this basic procedure that
are required to renormalize the DCxSM Direct Detection process.

The tree-level diagram of Direct Detection in the DCxSM is shown in Fig. 4.1a. The
higher-order corrections to this process that require renormalization can be classified into
three categories: Corrections to the Higgs propagator, corrections to the DM-Higgs vertices
xxh: (i =1,2) as well as corrections to the quark-Higgs vertices gqh;, as shown in Fig. 4.1b.

There are diagrams that contribute to the DCxSM Direct Detection but fall into neither of
these three categories: Box diagrams, which are finite and do not require renormalization, and
diagrams with external gluons, which can be related to corresponding diagrams with external
quarks and therefore do not require additional renormalization procedures. An overview over
all diagrams that contribute to DCxSM Direct Detection as well as the treatment of Box
diagrams and diagrams with external gluons is given in Chapter 5.

As it will be worked out in Sec. 4.1, during renormalization, all parameters of the theory
are split up into renormalized parameters and counterterms. The counterterms give rise to a
counterterm diagram for each of the corrections in Fig. 4.1b. They are presented in Fig. 4.2.
The goal of the current chapter is to compute these counterterm diagrams.

The renormalization of the Higgs propagator is presented in Sec. 4.2. In order to compute

a) X”*T”*X b) Xéx X”Q*'X X”*T*”X
hi ‘ |
q——q ———q ¢———0q ¢~ )—1q
Figure 4.1: The tree-level diagram of Direct Detection in the DCxSM (a) as well as the three
types of higher-order corrections that require renormalization (b): Propagator corrections and

corrections to each of the two vertices of the tree-level diagram. The mediator is in any case a
Higgs boson, either hy or hs.

19
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h;
hi--&-hj X--®&- X 4 —®—1
hi

Figure 4.2: For each of the types of higher-order corrections in Fig. 4.1b, a counterterm is
required for its systematic renormalization.

the corresponding counterterm, also the renormalization of the tadpoles, which is worked out
in Sec. 4.3, has to be taken into account.

In order to renormalize the DM—Higgs vertices, the renormalization of the Higgs mixing angle
« is required, which is developed in Sec. 4.4. Additionally, the field-strength renormalization
of the DM field x is needed, which is derived in Sec. 4.5. Using these ingredients, the vertex
counterterms are then computed in Sec. 4.6.

The renormalization of the quark—Higgs vertices depends on the renormalization of the
fermion propagator presented in Sec. 4.7 and on the renormalization of the gauge sector given
in Sec. 4.8. The counterterm for the quark—Higgs vertex is given in Sec. 4.9.

Finally, an overview over all results that are relevant for the subsequent chapters — especially
the explicit expressions for the diagrams in Fig. 4.2 — is given in Sec. 4.10.

4.1 Principles of Regularization and Renormalization

Before considering the renormalization of the DCxSM, let us recall the principles of regular-
ization and renormalization for the simplest possible example, the ¢* theory. The Lagrangian
of the ¢* theory with a real scalar field ¢o and parameters mg and Ao reads [34]

_ 1 2 MG 5 Aoy

In order to handle the divergences that come with loop integrals they are first isolated
using a new parameter, which is referred to as the regulator. This regularization is presented
in Sec. 4.1.1. The cancellation of the divergences in observables is then equivalent to the
cancellation of all terms that contain regulators. The procedure of systematically and
consistently canceling all divergences is called renormalization and introduced in Sec. 4.1.2.

4.1.1 Regularization

As an example for a divergent loop diagram in the ¢* theory consider [34]
i [ d% i
( ; _ A ' 4.2
2 ) (2m)* k2 —m} (42)

Performing a Wick rotation by substituting k% — ikOE and k — kg turns the Minkowski
space four-vectors k¥ into vectors of Euclidean space kg = (k%,kg) (that is they obey
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k% = Z?:o ki). Then, the integral can be evaluated in spherical coordinates,

g 2 :_i)\‘i/d‘lkE i __47m‘/\/°° dkp K} (43)
0

2 2m)t —kZ —mZ 2 (2m)* k% +md -

This integral is diverging at the upper integration bound as the integrand is proportional to
kg for large kg (a divergence at the upper bound is called wltraviolet (UV) divergence).

In order to still evaluate such divergent integrals, they need to be regularized. This can be
done by imposing a cutoff parameter A to the upper integration bound as a regulator and
applying the limit A — oo,

O wpan i m (o e
2 Jo @m)*kL+md (2m)4 m2
By taking the limit A — oo, the divergence of the integral becomes explicit. If this regu-
larization procedure is applied consistently to all divergent integrals that contribute to an
observable, the regulator A will always cancel leaving the physical observable finite [53].
Regularizing divergent integrals with a cutoff parameter comes with the drawback that
symmetries of the theory are broken for finite values of A. Therefore, the method of
dimensional reqularization is more commonly used as it preserves all symmetries of the theory
for any value of the regulator. In dimensional regularization no upper cutoff is introduced but
the integral is evaluated in d = 4 — 2¢ dimensions instead of 4 dimensions. Thereby, € serves
as the regulator and the applied limit is € — 0 [54]. Evaluating the integral in Eq. (4.2) in d
dimensions yields [34]

<> : d : A1 1 (1
L S S LT (€+1—7+O(4—d)>,(4.5)

2 ) (2m)dk2—mZ 2 (4r)/2 ma~¢

where v =~ 0.577 is the Euler—-Mascheroni constant. The divergence becomes explicit in the
limit € — 0. In this work, the dimensional regularization method is used exclusively.

4.1.2 Renormalization

After all loop integrals have been regulated, renormalization provides the systematic cancella-
tion of the regulators and hence the divergences.

Let i¥X(p?) be the sum of all one-particle irreducible (1PI) diagrams with two external legs,
that is the sum of all self-energy diagrams that cannot be separated into two parts by cutting
through a single line. In the ¢* theory, this sum is given by [34]

iE(p2):E Q + O + O(N). (4.6)

Note that due to the divergent momentum integrals from the loops, ¥(p?) is an infinite
quantity.
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The full propagator of a scalar field, including all possible forms of its self-interactions, is
then given by [34]

1

G(p?)

p* —mi+2(p?)

It is known from the Kdillén—Lehmann spectral decomposition [34] that —iG(p?) has a pole

with residue Z at the physical mass m?2,

Z
—iG(PY) = ———— 2 m?. 48
i (p)—>p2_mz or  pT—om (4.8)

Z is the field-strength renormalization constant and m is the measurable particle mass [34].
In the vicinity of this pole, the denominator of G(p?) of Eq. (4.7) has the form

% (p?)
op?

iGH(p?) = m? —mi + 2 (m?) + (1 + ) (p? —m*)+0 ((p2 — m2)2) . (4.9)

p2=m2
Comparing this expression with Eq. (4.8) reveals that [34]

% (p?)
Op?

m? —m2 +%(m?) =0, Z7' =1+

(4.10)

p2=m2

Hence, taking higher-order corrections into account, the physical mass m obviously differs
from the mass parameter my in the Lagrangian, which is referred to as the bare mass [34].
By a similar procedure, a physical coupling constant A is introduced that differs from the
bare coupling constant Ao (see [35]).

After computing the amplitude for a given process of the Lagrangian of ¢* theory (4.1)
in terms of the bare parameters mg and Ag, these bare parameters can be replaced by their
physical counterparts m and A by Eq. (4.10) and an analog equation for Ay and the resulting
expression of the amplitude will be finite [34]. While this procedure always works, there is a
more systematic approach for consistently canceling all infinities. It is based on constructing
the renormalized Lagrangian from the bare Lagrangian in Eq. (4.1).

For that purpose, the renormalized field ¢ is introduced as

o=2"2¢ (4.11)

and all free bare parameters as well as the field-strength renormalization constant are split
into renormalized parameters and counterterms,

mé=m% +0m?, MN=Ag+0\, Z=1+0Z. (4.12)

While the renormalized parameters m?_z and A are finite, the counterterms dm?, §\ and 67
and hence also the bare parameters are infinite. In general, the value of mp can differ from
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the physical mass m and depends on the renormalization scheme that is used. Equivalently,
by Eq. (4.12), the choice of a certain renormalization scheme also fixes the finite parts of the
counterterms.

The renormalized Lagrangian is constructed from the bare Lagrangian (4.1) by renormalizing
the field according to Eq. (4.11) and expressing the bare parameters by their renormalized
counterparts and the counterterms using Eq. (4.12),

Ao

L= 1Z(@%)Q - m—‘%qu? — D72t (4.13)
2 2 4! ‘
_ Liongyr - Mhge  Ang
2 . 2 . 4! . (4.14)
+ 552(8%)2 -3 (mROZ + 6m?) ¢* — 11 (PAROZ +6) ot

Since the counterterms are of order A\g = Ag + O()\?) or higher, all terms in the second
line of Eq. (4.14) can be treated perturbatively, assuming that the coupling constant \p is
small. Diagrammatically, they are given as a counterterm propagator and a counterterm
vertex, respectively, which give rise to the Feynman rules

—@— = i(p?0Z — mASZ — dm?), (4.15)

= —i(2\R6Z + 6N). (4.16)

The 1PI function f)(pz) of the scalar propagator in the renormalized theory not only
contains loop diagrams but also counterterms and is given by

i£(p?) = 9 + @+ 0 (4.17)
= i%(p®) +i6Z (p* — m%) — idm® + O(N\?).
By the analog derivation, the full propagator of the renormalized theory has the same form

as the full propagator of the bare theory in Eq. (4.7), but with mg replaced by mp and X(p?)
replaced by 3 (p?),

i
P2 —m¥+3(p?)

G(p?) (4.18)

Plugging in Eq. (4.17) on finds for the denominator of G(p?)

—iG7'(p%) = Z (p* — mE) + Z(p°) — m+ O(N\?)
= Z (p* —mi +2(p°)) + O(N?) (4.19)
= —iZG7'(p*) + O(N),

where Eq. (4.12) was used. Hence, the factor Z in the Kéllén—Lehmann spectral decomposi-
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tion (4.8) drops out in the equivalent condition for the renormalized full propagator G (p?)
[34], for which holds

A 1
. 2 2 2
- - fi —m”. 4.2
iG(p*) pR— or p m (4.20)

For the propagator G(p?) in Eq. (4.18) to comply with Eq. (4.20), the renormalization
conditions

=0. 4.21
L (20
need to be employed [35]. The real parts in these equations are required for the case where
the energy threshold for the loop particles going on-shell has been exceeded, since ¥(p?) and
hence also 3(p?) will then acquire an imaginary part [34].

As stated before, the renormalization scheme determines the finite parts of the counterterms.
For example, in the minimal subtraction (MS) renormalization scheme the counterterms are
chosen in such a way that they contain exactly the infinite terms that cancel the infinites of
Y(p?) in Eq. (4.17) but do not contain any finite parts. In this case, the first renormalization
condition in Eq. (4.21) is required to relate the renormalized mass mp to the physical mass
m [35]. In the on-shell renormalization scheme, the renormalized mass mp is identified with
the physical mass m, i.e. mgr = m, such that the renormalization conditions (4.21) fix the
counterterms using Eq. (4.17) as follows [35],

% (p?)

om? =ReX(m?) + O\,  6Z= —Re 5

+0(\?), (4.22)

p2=m2

assuming the counterterms have no imaginary part. Also in the on-shell renormalization
scheme, the infinite parts of the counterterms cancel the infinities of the loop diagram in
Eq. (4.17) and thereby rendering 3(p?) finite. All subsequent derivations in this work will be
performed in the on-shell renormalization scheme.

For Direct Detection in the DCxSM, the following parameters need to be renormalized,

Higgs masses: m?o = m? + om?, see Sec. 4.2-4.3,
Tadpoles: Tho =Ty + 01w , see Sec. 4.3,

Tso =Ts + 015y, see Sec. 4.3,
Higgs mixing angle: g = o+ da, see Sec. 4.4,
DM mass: mio = mi + 5mi, see Sec. 4.5,
Quark mass: mgo = Mg + 0my , see Sec. 4.7,
W boson mass: miy, = miy +omiy, see Sec. 4.8,
Z boson mass: m%y, =m% + 0m%, see Sec. 4.8,
Weak coupling;: go = g + g, see Sec. 4.8,

FElementary charge: ep=e—0Z.e/2, see Sec. 4.8.



4.2 Higgs Self-Energy 25

Moreover, the following fields have to be renormalized,

1
Higgs boson: hio = <5ij + 2621-]') hj , see Sec. 4.2, 4.3,
. 1
DM particle: X0 = (1 + 25ZX> X, see Sec. 4.5,
1
Quarks: gl = <1 + 252R’L> ¢t see Sec. 4.7,
1
Gauge bosons: VH = <1 + 25Zab) % see Sec. 4.8.

Here, ¢, 7 = 1,2 is the index of the Higgs bosons, R and L mark right- and left-handed fermion
fields and a, b indicate the mass eigenstates of the gauge fields.

4.2 Higgs Self-Energy

It is known from Chapter 2 that the DCxSM contains two types of Higgs particles, whose
mass-eigenstates are described by the bare fields hig and hgg. They arise from a mixing
of the gauge eigenstates that are described by the bare fields ¢y and ¢gy as described in
Eq. (2.13).] The renormalization of those fields is more subtle than the renormalization
procedure for a single scalar field that was presented in Sec. 4.1. This is due to the fact that
an hio particle can be turned into an hgg particle only by “self-interaction” (and vice versa).
In other words, the diagrams

i212(p2) = h10 hgo and i221(p2) = h20 h10 (4.23)

exist and are non-vanishing. Consequently, the field-strength renormalization constant Z as
well as its counterterm 07 are promoted to 2 X 2 matrices that link the bare fields k19 and
hoo with the renormalized fields hy and hg as follows,

(Z;2> i (Z;) ~ (1 * ;52) (Z;) - (4.24)

In analogy to Eq. (4.19), the inverse of the renormalized propagator é(p2) is given by?

iGN ) =VZ (P~ MZ+ () VZ

S (4.25)
=p° — M*+3(p°).

Here, M? is the diagonal mass matrix that has been introduced in Eq. (2.13) and M¢ is the

1 All fields and parameters in Chapter 2 are bare. Since distinguishing between bare and renormalized fields
and parameters is critical solely in the current chapter, only now bare quantities are labeled explicitly by
an index 0.

2 For the moment, let us neglect the matrix 7 from Eq. (2.11), such that M¢ and M? rather than M?%, and
M? are actually the diagonal mass matrices for the fields hy and ha. Sec. 4.3 will be dedicated to handle
the matrix 7.
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corresponding bare mass matrix with the bare masses m%o and m%o as diagonal elements.
Evidently, also the propagator as well as ¥(p?) and 3(p?) are matrices. Due to the symmetry
of the diagrams in Eq. (4.23), these matrices are symmetric, i.e.

Y12(p?) = o1 (p?) . (4.26)

Expanding MZ and Z in the first line of Eq. (4.25) in terms of their counterterms and
comparing this expansion with its second line leads to

A 1 1
2(p%) = D) — 6M? + 5621 (0 — M) + 5 (0 — M?) 67 (4.27)

Here, 6M? is a diagonal matrix whose diagonal elements are the mass counterterms dm? and
dm3, respectively, such that

Mg = M? + 5M?. (4.28)

In the ¢* theory of Sec. 4.1, the renormalization conditions of Eq. (4.21) where chosen
in such a way that the physical mass was the real part of the pole of the renormalized
full propagator G(pQ) and the residue of —ié(pQ) was 1. Similarly, the diagonal elements
of —i times the Higgs doublet propagator G(pQ) should also have poles with residue 1 at
the physical masses m? and m3, respectively, in order to comply with the Killén—Lehmann
spectral decomposition. For the off-diagonal elements, a new condition is imposed that
simply requires them to vanish for both p? — m? and p? — m3. Explicitly, the renormalized
propagator should obey [55]

(p* =mp)~ 0
, for p? — m% ,

N 0 C
—ReiG(p?) = ! (4.29)
Co 0 9 9
5 ov_q |+ forp® —m3,
0 (p*—m3)
where C; is some non-zero constant. For the inverse propagator, this implies
2 2
— 0
p 0m1 o1 for p? — m% ,
ReiG1(p?) = ! 4.30
=1 g (4.30)

) o for p2 — m3.
0 p*—mj

In order to impose this behavior on the renormalized propagator, it is sufficient to employ
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the following renormalization conditions:

Re i@i_jl(pz) = ; 0, fori # 7, (4.31)
p?—m?
A—1(,2 2) 2 2y L 2 2
ReiG; (p7)] | 2~ReE“ (p*—m7) =p°—m;.
pZ—m; p2:m$
(4.32)

Here, Eq. (4.25) was used; in Eq. (4.32) a Taylor expansion at p?> = m? was applied. It is

straightforward to translate the renormalization conditions on the inverse propagator (4.31)
and (4.32) to conditions on the renormalized 1PI function i%(p?). Explicitly, it is required
that

ReSii(m?) =0, ReSp(m2) =0, ReSy(m?) =0, (4.33)
Re iQQ(m%) ; 0, Re ilz(m%) ; 0, Re 221(7)1%) ; 0, (4.34)
o011 (p? O399 (p?
Re Z0() Lo, pe2Z2) Lo. (4.35)
o |, < T
pe=m3 pe=mj

These conditions can now be employed to fix the counterterms 6M? and 6Z. For this
purpose, consider the explicit form of the matrix ¥(p?). Assuming Z is a real matrix? it is
found from Eq. (4.27) that

S(p?) = B(p?) — 6M* (4.36)
n 1 < 2(p2 — m%)éZH (p — m2)(5Z21 + (p - m1)6212>
2 (p2 — m%)(SZlQ + (p2 — m%)(SZgl 2(]) — m2)5Z22

Hence, the conditions (4.33)-(4.35) imply

SM? = Re X1 (m?), M2, = Re Xop(m3),
2 2
6219 = —5—— Re (§M3; — So1(m3)) , 6721 = —5——— Re (6M{, — T1a(mi))
m3 —mj mi —ms
ox 2 % 2
571 = —Ro 21T , 67 = —Re 2221 S (3D
3p p2:m% 8p p2:m%

Here, these conditions have been given for a general matrix 6M? — despite the fact that §M?
is a diagonal matrix diag(6m? ,dm3) — as the general formulas will be useful in Sec. 4.3.

4.3 Tadpole Renormalization

The tadpole parameters Ty and Tg have been defined as the value of the potential at the
points where the fields H and S equal the parameters v and vg, cf. Egs. (2.3) and (2.4).Setting

3 At NLO, this assumption is sufficient [56].
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Ty = Ts = 0 makes v and vg the minimum of the potential and thereby the VEVs of the
fields H and S, respectively.

While simply setting Ty = Tg = 0 works perfectly fine at tree level, the situation is more
complicated when taking higher-order corrections into account. Upon renormalization, the
(bare) parameters N%IO? ,u%o, AHO, Asg, Auso and mio that appear in the definition of the
tadpole parameters (2.4) are split into physical parameters and corresponding counterterms,
that is

po=p+0p, (4.38)

where p denotes any parameter of the Lagrangian. Consequently, also the tadpole parameters
are expanded in the same way:

Tao =Ty + 6Ty, Tso=1Ts+ 5. (439)

At NLO, simply setting all these tadpole parameters to zero comes with severe consequences.
In order to understand these consequences, consider the tadpole terms V; in the Lagrangian,
that are given in Eq. (2.7). In this work all computations are done in the mass basis defined
by Eq. (2.13) and it is therefore convenient to define

o
Tro

such that the tadpole terms can be translated into the mass basis as follows:

R(av) (?;3) : (4.40)

®s0

These tadpole terms correspond to “vertices” with a single external line h;g that come with
factors of —iT;9. These vertices receive higher-order corrections in form of a 1PI function
that we are going to call iZ;. It is the analog to iX(p?) of the propagator in Eq. (4.6). Note
that =; is momentum independent since the external momentum of a tadpole diagram has to
vanish due to momentum conservation at the vertices.* The full tadpole (in analogy to the
full propagator G(p?)) is then given by

K, =—iT,o+1=;, = hjg---¢ + hj . (4.42)

Now, a renormalized full tadpole K; is introduced together with a renormalized tadpole
1PI function i= in analogy to the renormalized propagator 1PI function i3 (p?) in Eq. (4.19):

h
LD —Vi = — (Tho, Tso) <¢HO> = — (T1o, T20) (h;ﬁ) = —Tiohio . (4.41)

Ki = —iT, +1iZ; = VZi; (—iTjo +iZ;) = VZi;K; . (4.43)

Plugging the expansion in counterterms T;o = T; + 67; and Eq. (4.24) into the right-hand

4 In this sense, it is not really a “function”. For the sake of uniformity, we will still call it “1PI function”,
just like Z(p?).
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side of Eq. (4.43), one finds
A - 1
Si= 5~ 0Ty — 02Ty + 0(6?%), (4.44)

where O(62) stands for terms of order two (or higher) in the counterterms. This is the analog
to Eq. (4.17).
Note that K; corresponds to a 1-point function [35],

K; = FT(QThi(2)|Q) = FT (Qfhs(2)|Q) = FT (h)
—FT cos <¢H> + sina <¢S> 5 fori=1 y (445)
- —sina (¢n) + cosa (¢s), fori=2,

where () is the interacting vacuum, T is the time-ordering operator and “FT” is a short-hand
notation for a Fourier transformation. Obviously, K; is precisely the vacuum expectation
value of the field h;. Even if T; = 0, the full tadpole K; can still be non-zero due to the
contributions from the tadpole 1PI function zéz Due to Eq. (4.45), this would imply that
also (¢p) and (¢g) do not vanish and hence the vacuum expectation values of the fields H
and S are no longer v and vg, respectively, but v+ (¢g) and vs + (¢g), according to Eq. (2.5).

Thus, in order to ensure that v and vg are the true vacuum expectation values of the fields
H and S, respectively, it is required that (¢m) and (¢g) vanish and hence that

K =0. (4.46)

Additionally, v and vg are by definition only the true VEVs if they are the minima of the
potential, which implies by Eq. (2.4) that the physical tadpole parameters Ty and Tg must
vanish. Due to Eq. (4.39) the bare tadpole parameters must then equal their counterterms:®

Tu=0, Ts=0 =  Tygo=0Tu, Ts =5Tk. (4.47)

Note that setting the physical tadpole parameters to zero ensures that the physical parameters
miQ as defined by Egs. (2.14) are the true tree-level masses of the Higgs bosons hq 2 .
Using Eq. (4.40) one can easily translate Eq. (4.47) into the mass basis,

Ty=0, Th=0, <§%> = R(a) (‘;?;) +0(8?). (4.48)

Using Eq. (4.43) and Eq. (4.44), the observations that K; and T; must vanish lead to the
conclusion

2,20 = T =5;. (4.49)

5 Since counterterms are of higher order in perturbation theory, these equations imply that the bare tadpole
parameters Tio and Tso are of higher order as well, which is why it is still consistent to set them to zero
at leading order.
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In the renormalized Lagrangian, the tadpole terms (4.41) read
LD -V =-T;h; —0T;h;. (4.50)
Thus, the renormalized Lagrangian includes a tadpole counterterm
—i0T; = h; ---Q. (4.51)

The full renormalized tadpole can then be visualized diagrammatically as

Ki= hi---e + hi + hi ---®

= —iT; +4Z; — i6T; + O(6?)
=0.

(4.52)

It vanishes because the renormalized tadpole parameter 7; is inherently zero and the coun-
terterm 67} cancels =; by construction.®

In this work, the Standard Tadpole Scheme is employed, within which it is not required to
make a distinction between bare and physicals VEVs (in other words, the VEV counterterms
are set to zero). For the Alternative Tadpole Scheme, see [57].

The observation that the bare tadpole parameters Ty and Tgg do not vanish at NLO
entails that the (bare) tadpole matrix 7j in Eq. (2.11) can no longer be dropped as it was
done in Sec. 4.2. Hence, instead of the “pure” mass matrix My we need to use the mass
matrix M%O = M% + 7o that includes the tadpoles. Correspondingly, a rotated mass matrix

My = Rleo) Mo R Hao) = 143 + Rteo) (0010 Y Rtan) )

is introduced. The expansion in physical parameters and counterterms reads

MZ2q = M? + §MZ + O(6?), (4.54)
where 7
M2 =6M?>+6T, 6T = R(a) <5T13/ v 5TO/U > R~ Ya). (4.56)
S/ Vs

Here, M? and 6 M? are diagonal matrices with the Higgs masses and Higgs mass counterterms
as diagonal elements, respectively. Including the tadpole matrix 7 has therefore the effect

6 Note that the difference in writing the tadpole 1PI function ¢Z; with an external renormalized field h; as
in Eq. (4.52) or with an external bare field hio as in Eq. (4.42) is an additional factor Z, which contributes
to the terms in O(4%) only.

7 Here it was used that

6% 0Tw n

Flao) 2 = (a4 60) T = ((a) + Fla)iar+ O(a)) T = f(a) T 4 O(s?), (4.55)

since Ty = 0.
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that instead of Mg and dM?, the matrices M%O and (5M% have to be used in Sec. 4.2.

Performing the matrix multiplication in the definition of 7 in Eq. (4.56) explicitly and
converting d7y, 07y into 671,67, using Eq. (4.48), the elements of the matrix 67" can be
given as

. 3 3 .

v 8In° o + vg Cos” & v 8in ¢ — Vg COS .

0111 = o1y + cosasina 01y,
VUS VU

v sin o — vg cos & . V COS & + Vg sin & .

0To = cosasin 077 + cosasina dTy ,
VU VU (4.57)

0Ty = 0T,

v COS & + Vg sin «v . vecos® a — vg sin® o
0Tho = cosasin o677 + o5 .

VUg VUg

With these new insights at hand, the Eqgs. (4.37) need to be adjusted; specifically, the
counterterms 5M7;2j need to be equipped with an index T, after which Eq. (4.56) can be
employed to arrive at (see also [56])

sm? = Re (S11(m}) — 6T11) , sm3 = Re (Sa2(ma) — 6Ths) (4.58)
2 2
5Z12 =3 3 Re (5T21 - 221 (m%)) ) 6221 = 5 5 Re (5T12 — 212(m%)) .
my —my my —msj

The formulas for the counterterms 6717 and §Z3 from Eq. (4.37) remain valid without
change.

4.4 Mixing Angle Renormalization

The gauge and mass eigenstates of the Higgs doublet are mixed by an angle « (see Eq. (2.12)
and (2.13)). By Eq. (2.15) « is related directly to parameters like the Higgs masses that are
shifted by higher-order corrections and therefore need to be renormalized. Consequently, also
a will receive a shift during renormalization: One has to distinguish between the bare mixing
angle ag and the physical mixing angle «, which differ by a counterterm da,

ap = o+ oo (4.59)

There are different schemes for how to fix the counterterm dc. In this work, the Kanemura
scheme (also named KOSY scheme in [58]) will be employed [59]. For other schemes see [60].
Let /Z4 be the field-strength renormalization matrix of the gauge eigenstate Higgs doublet,

(2)- % ()

It follows from Eq. (4.24) as well as from the bare and renormalized versions of Eq. (2.13)
that

VZR(a) <f;§) —VZ <Z;) _ (Z;g) — R(av) <2§§> — R(co)V/Z, <fj§) 61
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Thus, the field-strength renormalization matrices of the mass and gauge eigenstate Higgs
doublet can be related by

VZ = R(ag) /Zg R (a). (4.62)

By expanding the field-strength renormalization matrices in terms of their counterterms
Eq. (4.62) can be brought into the form

141572 R(ag) R a) + 1R(oéo) 6Zy R~ a) + O(6%)
. 2 . 2 (4.63)
= SR(a0)0Zy R Y a)=1+ 502 = R(0a) + 0(8%),

where it was used that R(ag)R™!(a) = R(6a) + O(6a?).® O(4?) stands for terms that are of
second order in the counterterms. Thus, using R(a) = R(ap) + O(da) and the result (4.63),
the rotation of |/Z, can be given as

R(a) VZ; R\ () = 1+ %R(a) 525 R\ (a) + 0(5?)

=1+ %R(ao) 6Zs R () + O(6%)
1 (4.65)
=2+ 507 - R(sa) + O(6%)
. 2-}-(5211/2—1 5212/2—(501 9
_< 57 /2400 2+ 0Zm2—1) TOO):

In the KOSY scheme it is assumed that /Zy is a real symmetric matrix [59]. Under this

assumption, also the rotated version of this matrix is real and symmetric and hence the
off-diagonals of the matrix in Eq. (4.65) need to be equal, which implies [60]

1
dov= - (6212 — 62) + 0(6%). (4.66)
Plugging in the expression for §Z;; from Eq. (4.58), the mixing angle counterterm is given by

! 5 Re (26T15 — B91(m3) — £12(m3)) + O(6°) . (4.67)

1
da = -—
2ms5 —mj

Recall that §7;; is given in Eq. (4.57) and the counterterms §7; therein are computed directly
from tadpole 1PI diagrams according to Eq. (4.49).

8 This relation follows from

cosa — dasina  sina + da cos «
—sina — dacosa  cosa — dasina

R(da) R(a) = ( ) + 0(80%) = R(a + da) + O(5a”) . (4.64)
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4.5 Renormalization of the Dark Matter Particle
In the Lagrangian, the mass term for the DM candidate x in Eq. (2.8) reads®

1 T
LD —= <m§<0 + SO) X2 (4.68)

Splitting the bare fields and parameters in physical fields and parameters and their countert-
erms, we have
1 ik
Yo = (1 + 262X> X, mig=ml+mi+ TSS +0(8%) . (4.69)

=52
=03

With mi = mi, the renormalization of the field x corresponds exactly to the renormalization
of ¢* theory in Sec. 4.1 with the mass parameters with a tilde playing the role of the mass
m in ¢* theory. In the on-shell renormalization scheme (cf. Sec. 4.1), the counterterms are
given by

N i 5T

5m§< = Ex(mi) = (5mi = Ex(mi) " s (4.70)
N 9%y (p*)

607, = ——X2 2 = 67, = ——2X 2 4.71

X 8])2 p2=fn§ X apz p2:m§< ’ ( )

where iEX(pQ) is the sum of 1PI diagrams of the y propagator. Note that Ty can be converted
into a linear combination of 77 and Tb using Eq. (4.48), which in turn are given in Eq. (4.49).
Since x is a stable particle, real parts are not required in these formulas.

4.6 y?>-Higgs Vertex Renormalization

The tree-level diagram of the Direct Detection process that is presented in Fig. 4.1a features
the vertex of two DM particles x and one Higgs particle hy or hy. These interactions are
described by the terms ~ ¢rx? and ~ ¢sx? in Eq. (2.9). After they have been converted
into the mass basis h1, he using Eq. (2.13) and after replacing Agg and Ag using Eq. (2.16),
they read

1 1
LD 3 Cho h1o X§ + 3 Ca0 h2o X3 (4.72)
where
2 2
Uso Vso

9 Note that the Lagrangian contains the negative potential; so here we have a different sign than in Eq. (2.8).
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Writing the bare vertex factors as a sum of the physical coupling and its counterterm,
Cio=C; +6C;, (4.74)

and using that vgy = vg (see Sec. 4.3), the counterterms can be expressed as

sin o dm? + m? cos a da cos a dm2 — m3 sin a o
0C = — , 0Cy = — .

s s

(4.75)

The bare coupling terms in Eq. (4.72) can be turned into renormalized coupling terms as

1 1.
5@&mx&=§@mX% (4.76)

where plugging in the Eqs. (4.24), (4.69) and (4.74) leads to

Ci=Ci+0C;i + Ci6Z,, + %Cjézﬁ +0(8%). (4.77)

=§Cmix
Recall that Z;; is the field-strength renormalization matrix of the Higgs fields h;.

4.7 Renormalization of Fermions

The fermionic kinetic and mass terms in the Lagrangian after symmetry breaking read!'®
L2 G dey + a5 das —mo (@a0 + @ab) - (4.78)

Here, q is the fermion spinor field and the indices R and L indicate the right- and left-handed
component, respectively. They are defined using a projector Pg r,

1++°
qR’L = PR,L q, where PR,L = 27 . (479)
The bare fields can be related to the physical fields by
o =VZRe", o =VZlq". (4.80)

Note that CKM mixing is neglected in this work. Therefore, each left- and right-handed
fermion has its individual field-strength renormalization constant Z® and Z%, respectively,
and there is no need for a field-strength renormalization matriz with off-diagonal elements.

Using the identities (4.79) and (4.80), the terms in the Lagrangian (4.78) can be brought
into the following form,

L2 q(ZRFPr+ ZE9Pr) g — VZRZImg (%" + ~47) . (4.81)

10 Of course, the full Lagrangian contains terms got P + G& gt with a covariant derivative. Here, only the
kinetic part of the covariant derivative D = 9 + - -- is considered.
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The field-strength renormalization constants then also appear in the fermion propagator
that corresponds to this Lagrangian, just as it was encountered for ¢* in Eq. (4.19). The full
renormalized fermion propagator therefore reads

N i

) = ZRpPR + ZLpP — VZRZEmg + (S(p) + O(62)) (4.82)

where i3(p) is the sum of all 1PI diagrams of the fermion propagator defined analogously
to Eq. (4.6).11 Because any four-momentum p within 3(p) can only be contracted to either
another p forming p? or to a v matrix forming P, it is always possible to decompose ¥(p) into

S(p) = pA(*) + B(p®) (4.83)

by using pQ = p?. Splitting it also into right- and left-handed parts, ¥(p) can generally be
given as [61]:

S(p) = pPrY%(p?) + pPLS" (p%) + mPRY" (p®) + mPp 2! (p?) . (4.84)

In CP conserving theories it turns out that X7 (p?) = X!(p?) = £°(p?) [61], and hence the
simpler decomposition

2(p) = pPrE"(0) + pPLE () + mE (p?) (4.85)

is sufficient.
Plugging this decomposition as well as my = m + dm into Eq. (4.82), the denominator of
the propagator reads

A

) = () 27) 4 () +52°)

— 5m (627 +62%) — m + mE5(p?) + O(5?). (4.86)

Introducing the renormalized 1PI function f)(p) by writing the renormalized propagator as
Gp)=—— (4.87)
p) = 2 '
p—m+X(p)

and decomposing (p) in the same way as X(p) in Eq. (4.85), one finds (up to NLO) [61]

M
/\m
]
N

I

B (p?) + 627,
sL(p?) + 62", (4.88)

A 1 om
S =300 - 5 (027 +02") - —.

™M
~
—
o
~—
Il

11 Note that 3(p) receives overall factors of the field-strength renormalization when computed in the
renormalized theory. However, since X(p) is already of NLO, these additional Z-factors have no effect at
NLO: X(p) — (Z factors) - (p) = X(p) + O(6%), where O(6%) stands for next-to-next-to-leading-order
(NNLO) contributions.
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The on-shell renormalization conditions for the full inverse renormalized fermion propagator
G~ Y(p) read [61]'2

20, (4.90)

p2=m?2

= u(p). (4.91)

p2—sm?2

Re (iG7(p)) u(p)

p+m
2 — m2

Plugging in the propagator in terms of the renormalized 1PI function f)(p) decomposed as
in Eq. (4.85), the first renormalization condition (4.90) yields, exploiting the Dirac equation,

R S L S i
Re (P (mSR @) +mS5 (@) + Pr (mSE?) + mSS () ) ) u(p) 0
= Re (f]R(mQ) + is(m2)> = 0, Re (f]L(mz) + f]s(mQ)) 20. (4.92)
The second renormalization condition (4.91) yields
1 - A N
oz e (02— m? o Pr (P2R02) + mPSE ) + 2mP S5 7))
) (4.93)
+ Py (PS5 () + mESR () + 2m*85 (7)) ) L u(p),
p2Zsm?2

where the Dirac equation was used again.

In order to satisfy this equation, the first and second orders of the Taylor expansions
around p? ~ m? of the two brackets after Pr and Py, respectively, have to vanish. The first
order already vanishes by the conditions (4.92). The second order vanishes if

Re(;)z(?ER( 2) 4 m28L(p )+2m225(p2)> Lo,
p2=m2
2L, 2 28R 2 2487, 2 ! (494
Re 2(p2(p)+m2(p)+2m2(p)> =0.
ap p2=m?2

12 In QED, it follows from the Kéllén—Lehmann spectral decomposition that

N p—&—m
G(p) =
(]ﬁ) pQ —m2

=(—-i(p— m))_1 for p—m, (4.89)

similar to Eq. (4.8) [34]. The fact that é(p) has a pole at p — m implies é_l(p) = 0 for p — m or,
equivalently, Eq. (4.90). The form of the pole of the propagator (that is, its residue) implies GAfl(p) =
—i(p—m) <= (p+m)/(p° — m?) ié_l(p) =1 for p — m or, equivalently, Eq. (4.91). The appearance of
the real parts is discussed above Eq. (4.22).



4.8 Renormalization of the Gauge Sector 37

Plugging in the relations (4.88), the conditions (4.92) and (4.94) can be transformed to

(4.95)
|
p2=m?2

respectively. These four equations can be solved consistently for the three counterterms [61]:

R 1 om\
S22y LR Ly 1
>+Z (m*®) 2(52 +9d2%) m> 0,

+ 6ZR> m2 0 (ER(p2) +2Ep?) + 225(]92))

Op?

om = 1m Re (2F(m?) + £F(m?) + QZS(mz)) )

2
5Z7F = _Re ZR(mQ) —m? Re 86]92 (ER(p2) + EL(p2) + 225(]92)) , (4.96)
p2=m?2
6ZF = —Re 2t (m?) — m? Re a‘; (L (p?) + 2B (p?) + 255(p?)) ,
p2=m?2

where it was used that the counterterms are real.

4.8 Renormalization of the Gauge Sector

The starting point for the derivation of the on-shell counterterms has been the full propagator
G for both the scalar fields and the fermion fields (see Eqgs. (4.7), (4.25) and (4.82)). The
derivation of these full propagators can be found in many QFT textbooks, which is why they
were omitted in this work. On the other hand, textbooks rarely provide a derivation of the
full propagator of massive gauge bosons. In Sec. 4.8.1 this derivation is presented, before the
counterterms of the gauge sector are deduced in Sec. 4.8.2.

4.8.1 The Full Gauge Boson Propagator

In order to derive the full gauge boson propagator, let us first introduce the following notations:
Let A%” and A’L”' be the transversal and longitudinal Lorentz structures, respectively, and let
dr, and dp, be the transversal and longitudinal propagator denominators of a gauge boson a
with mass m,. More specifically, these quantities are introduced as'3

MV 1
g PV e x =T, . for X =T,
nv p2 p2 _mg
AX = php” dxq = ¢ (497)
5 fOI‘X:L, S o9 forX:T,
p p* —&mg

where £ is the gauge parameter of the R¢ gauge. Note that the object A%’ has the property

AT A A" 0, for X#V, 1.98
X Yo — Xy XY T Ag(yv for X =Y. ( )

13 The full propagator is derived in terms of the bare quantities. We will drop the indices zero in this section
for simplicity. As soon as distinguishing between bare and physical parameters becomes relevant (which
will be the case in Sec. 4.8.2), bare parameters will be equipped with an index 0 again.
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In the R gauge, the kinetic and mass terms in the Lagrangian for the massive gauge
bosons read [34]

e (o)) o

mzb is the mass matrix in the gauge basis; diagonalizing it turns the gauge eigenstates Vj
into the mass eigenstates V' € {Wf, Zu, Au} (a indicates the type of the gauge boson) with
masses m2. Eq. (4.99) then reads

1 a v 1 v 2 v b
LD _5 ;VM <5ab <_gﬂ 0+ <1 - 5) 0"o ) - 5abmagu ) VV . (4100)

The inverse Feynman propagator D;bl’“ “(p) can be obtained by performing a Fourier
transformation on the large bracket in Eq. (4.100) [34]:

- 1
) = (07 = (1= ) ) b

,  p'pY p'p” 1 4.101
— o (9 = 25 62 - ) + 0 5 - ) (10
= Gapdy gAY

where a sum is implicit over X € T, L according to the Einstein summation convention.
Inverting this expression gives the Feynman propagator,

iDyy (p) = daupdxa A (4.102)
since
_iD;cL'uU Z'ch,mj = Z (5ac d)_(il A'UXV) (5012 ch AY,O’V) = 5&1) Z A%,y = 6ab gllj . (4103)
¢, X,Y X

The last step follows immediately from the definitions (4.97).
Let iZZg (p) be the sum of all 1PI diagrams of the gauge boson propagator,

i) = an by (4.104)

Due to the mixing of the Z boson and the photon, the corresponding off-diagonal terms
Z’é’; (p) and 227 (p) are non-zero. Since the Lorentz indices of 3;(p) can only be carried by
the metric ¢g"¥ or two four-momenta p*p”, the 1PI function must be of the form

iy (0) = Aap(0P)9" + Bap(0*)"p” . (4.105)

Rather than into terms proportional to g and p'p”, we equivalently split the 1PI function

into transversal and longitudinal contributions EaTg)“ “(p) and EQLZ;W(p) — proportional to A%’
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and A7, respectively,
T, L, _
Shy (0) = 53 (p) + 51 (p) = AT (0%) + AL S5 (0%) - (4.106)
In order to compute the full propagator G4 (p), let us introduce one more abbreviation,
Sap(0?) = dx S (7). (4.107)

The full propagator is then given by!'4

= DI 0) + 3 (D820) e 1) D5 ) (4108)

G (p) =

+ oy (Dz‘é’(p) IS po () DJ(D) i%ef e (p) DY) +
C? d? 67 f

Plugging in Eq. (4.102) and (4.106), the second term of Eq. (4.108) can be rewritten as

ZD P) ied,p0(p) DF (1)

(—i0acdxaA5’) i (Av,po20q(p?)) (—idard z6AF)
¥ (4.109)

= (—idxa¥) D (8%,,0y 2225 (p)
Y

= (—idxaAR) (A, Za(p?)) -
Here, also the property from Eq. (4.98) as well as the definition (4.107) was used. Similar

transformations are possible for the third (and all further) terms, such that the full propagator
reads

GZII;( ) = —deaA (5ab9p + A Z (A?,ngc > ( 27775]5)(292)) 4. )
> (midxaAY) <5ab + 30500 + ) S @)SE0H) + - )
X c
) I 1 ab
= EX: (—idxaAY) <(p2)> - (4.110)

1-3X

14 The gauge indices a, b, c are not summed over implicitly by the Einstein summation convention in this
derivation, but only if indicated explicitly by a sum symbol. On the other hand, a sum over the
transversal/longitudinal indices X,Y, Z is implied in accordance with the Einstein summation convention —
a sum over these indices is indicated explicitly only if there are more or less than two such indices to be
summed over, where the Einstein summation convention does not imply a sum.



40 Chapter 4 Renormalization of the DCxSM

In the last step the geometric series for matrices was used [62].
The inverse of this full propagator is given by!'®

—iGy, ™ (p) = D A AR (B = E5(07)) = DAY (Sundyy, — Z(0%)),  (4111)
X X

since with this expression one finds

> G Gaor = ghidas - (4.112)
C

4.8.2 Counterterms in the Gauge Sector

The mass eigenstates of the Z boson Z* and of the photon A* are rotated from their gauge
eigenstates in the same way as the Higgs mass eigenstates hy and hg are rotated from their
gauge eigenstates h and s. Thus, the bare fields of the Z boson and the photon are connected
to the renormalized fields by a field-strength renormalization matrix Z,

<i0§> =Vz (ib ~ (1 + ;5‘?) (ii) ) (4.113)

exactly as it was the case for the Higgs bosons in Eq. (4.24). On the other hand, the W+
bosons are each other’s antiparticles and therefore have the same field-strength renormalization
constant Zyy:

Wit =/ Zyy WHH (4.114)

Hence, writing the field-strength renormalization constants Z and Zy into a 4 X 4 matrix
Z, all matrices A = G*,G*, 3,3, Z are diagonal except for a 2 x 2 block in the lower right
corner:

Aww 0 0 0

w
0 Aww 0 0
0
0

A= (4.115)

0  Azz Azy
0 AWZ Aw

The inverse full propagator in Eq. (4.111) is computed in terms of bare quantities and
technically all the parameters it contains need to be equipped with an index 0. It is related
to the corresponding renormalized full propagator GZZ by

—iG (p) = VZ (—iGT Y () VZ (4.116)

where the propagators as well as the field-strength renormalizations are 4 x 4 matrices in
gauge space. This equation is completely analogous to Eq. (4.25) from the scalar case.
Plugging in Eq. (4.111) and expanding the parameters in physical terms and counterterms

15 Except for defining ¥(p?) with a different overall sign, this corresponds to the equation in [56] and is the
generalization to a general gauge for the result given in [63].
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(note that d)_(zo = dy — om2), it follows from Eq. (4.116) that

Z\/E(Tzc <—i 2 (p )) VZa,
od

1 ” _ 1
= Z (6(10 + 25Z:;c> A!)L( (5cd (dxld - 57713) - Eé(pQ)) <5db + 252db>
Xoed ' , (4.117)
= Z AR ( awdyy — Sy (p?) — Sapdm? + 5d;(}lazab + 2d;<})622b>

i Z AX <5abd)_(b - Eab(p2)> = _iG;bLIW(IJ) .
X

Here Zfi is the renormalized counterpart to £ -, exactly as it was in the scalar case (see
g. (4.19)). Since A’ is orthogonal in the X space according to Eq. (4.98), one may solve
for both the transverse and the longitudinal parts individually, which yields

A 1 1
Sab(0) = Zo (%) + Sapdm; — S0 Zar — 5y} 7Y, (4.118)

Imposing renormalization conditions on the transversal contributions is sufficient to fix
all counterterms. The on-shell renormalization conditions on the transversal contributions
of the renormalized 1PI function f]gb(p) can be derived just as in the scalar case (see
Egs. (4.29)-(4.35)) and yield

ReST (m2) =0, fora=W,Z,, (4.119)
ET
Re ZaslP”) ) =0, fora =W, Z,~, (4.120)
Op? I
Re$ (m?) = Re ST, (m2) =0, for a = Z,7. (4.121)

Of course, m?Y = 0. Employing these conditions on Eq. (4.118), the counterterms can be fixed
as follows:

om?2 = —Re X (m?), fora=W,Z, (4.122)
ET
0Z40 = Re 0%aa(P’) fora=W,Z,~, (4.123)
op? p2=m2
07z, = ——2 RexT (0) (4.124)
Zy — mQZ Z~ ) .
2
62z = @Re %7, (m%). (4.125)

Note that $Z, (p?) = L (p?), but 6Zap # 6 Zpa.
By definition, the elementary charge e is the coupling constant of the fermion—fermion—
photon vertex. During renormalization, the bare elementary charge is split into a physical
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term and a counterterm similarly to all other parameters:

1 1
ey = Ze ~e— 5(5266. (4.126)
Since each such kind of a vertex has precisely one external photon, in QED the charge
renormalization can be used to cancel the (infinite) field-strength renormalization factor of
the photon field 0Z,, by choosing [34]

§Ze =62, (4.127)

such that the sum in Fig. 4.3 is finite.

In the electroweak theory, however, the photon and the Z boson states mix at one-loop
order and a photon can couple to a fermion through a Z propagator [64], as displayed in
Fig. 4.4. Since this is an additional possibility for a photon to couple to a fermion, an
additional term in §Z. is required in order to cancel its infinities.

Note that the expression for the diagram in Fig. 4.4 can be derived from the first diagram
in Fig. 4.3 by exchanging the full propagator G§5 — Gg; and by replacing the coupling
factor of the photon—fermion—fermion vertex by the Z boson—fermion—fermion vertex. The
latter is given by gsin®6,,/ cos,.'% Hence, the two diagrams can be related as it is shown
in Fig. 4.4

Thus, including the additional contribution that is required to cancel the full mixing
propagator, §Z, is given by [65]'7

1 gsin?0 Xz (p? 2 sind
§7c =820+ -1 20 57 — Re M ~ S 2w RexT,(0)
e cos by, 52032, Op 20 m?, cos Oy
(4.128)
Here, Egs. (4.123), (4.124) and e = gsin 6, [34] were used.
Writing the weak coupling as [34]
¢ (4.129)

I S
1 —myy, /m7
v

Figure 4.3: The QED vertex counterterm cancels the propagator correction of the photon if
0Ze = 0Zy.

16 As a matter of fact, this is only the part of the coupling that is equal for left- and right-handed fermions
[34]. Due to the Ward—Takahashi identity, all other contributions to this coupling vanish [64, 65].

17 Note that in [65], the definitions of §Z. differ by a factor of —1/2 and the definitions of the 1PI functions
by a factor of —1.
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A 1 gsin?@
e cos 0,

Figure 4.4: In the electroweak theory, the photon can couple to a fermion also through a Z
boson. The expression of the corresponding diagram can be related to the expression of the
diagram where a photons couples to the fermion.

% Qv
Gy =Gy

its counterterm can be given as

og 1 2 2 2
=—=0Z.+ Imiy — cos” 0,0m7y) , (4.130)
g 2 2(mQZ - m%,[,) ( w Z)

with the mass counterterms being given in Eq. (4.122).

4.9 qq-Higgs Vertex Renormalization

The term in the Lagrangian that describes the vertex of a quark ¢, antiquark g and a Higgs
boson h; reads

£ D Diohio (35ag + aad’) - (4.131)
where, using vo = 2mywo/go [34],

Mgo Sin o _ 90Mqo sin oy

D10 _ _mq() COS (¢ _ _gomqo COS (¢ ’ D20 _ (4'132)
Vo 2mwo Vo 2mwo
Writing these bare vertex factors as a sum of a physical term and a counterterm,
Do =D; +6D;, (4.133)
the counterterms can be expressed as
Sm? 4] 0
0Dy = 9Mq sin  dax 4 cos « mgv——g—ﬂ ,
2myy 2my, g My
Sm2 5 5 (4.134)
0Dy = 9Mq (Cosaéa —sina ( mg[, _9_ mq>> )
2my 2miy, g My

The bare coupling terms in Eq. (4.131) can be turned into renormalized coupling terms as
Diohio (Gal + @b al’) = Dihi (¢%d" + a"q") (4.135)
where plugging in the expansions (4.133), (4.24) and (4.80) leads to

. 1 1
D; = D; +8Di + 5D;0Z; + 5 D; (6Z% +62%). (4.136)

=6 Dmix
- K3
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4.10 Overview: Counter Propagators and Vertices

In the beginning of this chapter the goal was set to compute the counterterms in Fig. 4.2.
This section aims for presenting the results for these counterterms that have been derived in
detail in the previous sections.

As it becomes obvious by comparing Egs. (4.15) and (4.17), the counterterm propagator is
the difference between the bare 1PI function ¥ or = and the renormalized 1PI function ¥ or
. Using Eq. (4.36), the counterterm propagators for the Higgs boson read

[1]>

hi --&-- hi =i ((p® —m7)8Zu—om; —8Ty) , (4.137)
hi --@--hj = % ((p2 - m?) 02;5 + (p2 - m?) 6Zj; — 20Ty) | fori # 7.

Similarly, for the DM-Higgs boson vertex and for the quark—Higgs boson vertex it follows
from Eqgs. (4.77) and (4.136) that

h;
X --® - X =0C; +6C™, q =@~ q =0D; + DM, (4.138)

h;

To make sense out of the expressions (4.137)—(4.138), the reader is referred to all the
formulas for the diverse counterterms that have been derived in this chapter:

07211, 0 2o see Eq. (4.37) oT; see Eq. (4.49)
om?, 6712, 6221 see Eq. (4.58) e see Eq. (4.67)
0T, see Eq. (4.57) 07y see Eq. (4.71)
0C; see Eq. (4.75) omiy, om% see Eq. (4.122)
SCmix see Eq. (4.77) og see Eq. (4.130)
0D, see Eq. (4.134) 0Z, see Eq. (4.128)
§Dmix see Eq. (4.136) Smy, dZ%, dZ"  see Eq. (4.96)

Using these formulas it is possible to express all the diagrams (4.137)-(4.138) in terms of free
parameters and the following 1PI functions (and their derivatives) only:

Higgs propagator: iEij(pQ) = h; ‘ h; Sec. 4.2, Fig. 4.6,

Higgs tadpole: 1=, = hy; Sec. 4.3, Fig. 4.7,
DM propagator: iZX(pQ) = X--- - X Sec. 4.5, Fig. 4.8,
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fermion propagator: iX(p)=f f Sec. 4.7, Fig. 4.9,
gauge boson propagator: Xy (p) = @, p b,v Sec. 4.8. Fig. 4.10.

The functions f(p?), X (p?) and ©°(p?) that appear in the formulas for dmyg, §Z"% and
§Z% (4.96) are the different contributions to the fermion 1PI function iX(p) according to
Eq. (4.85). Note that the difference in having bare or renormalized fields on the external
lines in these diagrams is merely a factor Z; since the 1PI diagrams are already of NLO, such
a factor would only contribute to NNLO. The specific diagrams that contribute to these 1PI
functions at one-loop order are given in Figs. 4.6-4.10.

Note that the total amplitude is independent of the factors §Z;; of the internal Higgs
bosons. That is, these factors cancel completely in the sum of the tree diagrams in Fig. 4.5.

Figure 4.5: The field-strength renormalization factors Z;; of the Higgs bosons that appear in
all of the counterterms in Fig. 4.2 cancel completely when all counterterm diagrams are properly
summed up.
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Table 4.1: In Figs. 4.6-4.10 and 5.4-5.6, ®; is used as an abbreviation for certain sets of particles.
Their definition is given in the list below. Here, 1z and n7 is the Faddeev—Popov ghost of the
Z and W7 boson, respectively. f* = u,c,t,d,s,b, e, u, 7 is short for all charged fermions and
f = fT,ve, v, v, for all fermions of the SM.

Oy = hy, he, x, G°, GT, Z, W+

Py =y, G, G, Z, W, ng, 0", [T
P3 = hy, he, x, G°, G, Z, WT, ng, nt, fF
Oy = hy, h, x, G0, GT

Os5 = h, he, G°, Gt ~, Z, WT

(1)6 — G+, W+, 77—&-7 f+

®; = hy, hy, G°, GT, WT

(I)g — G+, V[/Jr7 7]+? f

Pg = hy, he, G°, v, Z

D19 = h1, ha, v, Z

Py =y, G, GT

Py =G, GT, Z, W+
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a) b) hi o) o,y d) G°
hz,,,Q,,,hj hz"(: }fhj hi——thj hi--{ v hy
h ®, 7
e) G+

W+

Figure 4.6: The one-loop corrections to the Higgs propagator; the 1PI function of the Higgs
propagator i¥;; (p?) was computed as the sum of these diagrams. Here, 4,4, k,] = 1,2. For the
definition of ®; and ®5 see Tab. 4.1. For each combination of external Higgs bosons (i.e. each
combination of ¢ and j) one is left with 29 individual diagrams (note that the loop direction
matters in diagram e, which doubles the number of diagrams of this type).

Figure 4.7: The one-loop corrections to the Higgs tadpole; the 1PI function of the Higgs tadpole
i=;(p?) was computed as the sum of these diagrams. Here, i = 1,2. For the definition of ®3 see
Tab. 4.1. For each external Higgs h; one is then left with 16 individual diagrams.

Figure 4.8: The one-loop corrections to the DM propagator; the 1PI function of the DM
propagator iEX(p2) was computed as the sum of these diagrams. Here, ¢ = 1, 2. For the definition
of @4 see Tab. 4.1. In total one is left with 7 individual diagrams.

Figure 4.9: The one-loop electroweak corrections (there is also a QCD correction including
a gluon, which is not taken into account) to the quark propagator; the 1PI function of the g
propagator iX(p) was computed as the sum of these diagrams. For the definition of ®5 see
Tab. 4.1. In diagrams that include G+ or W™ particles, ¢’ is the corresponding down-type quark
for an up-type quark ¢ and the corresponding up-type quark for a down-type quark ¢ (in all other
diagrams, ¢’ = q). For each external quark ¢, one is left with 7 individual diagrams.
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G+,W+
) Q b) (I)G C) GZL
OO ey
‘1)6 I/VJr
) il °) o f Gt 5 Gz
Z———Q———Z Z——Q—Z Z——{vv}—z z--(C -z
g wt i
@5 +
h) Q i) f b)) Gt k) n
W+777 ”’WJF W+”Q" W+ W+77U7 W+ W+,, \\,W+
f/ Py My Nz
1) wt
S TN -
P10

Figure 4.10: The one-loop corrections to the electroweak gauge boson propagator; the 1PI
function of the gauge boson propagator i} (p) was computed as a sum of these diagrams. Here,
(a,0) = (v,7), (7, 2), (Z, 7). That is, the diagrams a-c contribute to i¥4%, %27 and i} only,
but not to the 1PI functions of the Z and W™ boson propagators. Their constituents are given
by diagrams d—g and h-1, respectively. Here, i = 1,2. For the definition of ®5—®1¢, f, ", nz and
1y see Tab. 4.1. If f is an up-type quark or a charged lepton, f’ is the corresponding down-type
quark or uncharged lepton, respectively, of the same generation (for example, ¢’ = s, 7/ = ;).
For given a, b, a—c illustrate 16 individual diagrams, d—g correspond to 26 and h-1 to 24 individual
diagrams (note that the loop direction matters in diagrams ¢ and f, which doubles the number of

diagrams of this type).
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The Amplitude of Dark Matter Direct Detection in the DCxSM

Direct Detection experiments search for DM particles by aiming to measure their interactions
with a target nucleus. In Chapter 3 it was worked out how the cross section for scattering with
a nucleus can be related to scattering with a nucleon. Furthermore, in Sec. 3.4 a formalism
was introduced for the computation of the scattering with a nucleon using Wilson coefficients
as effective couplings between the DM particle and the elementary constituents of the nucleon:
the quarks and gluons. In this chapter, we will present which diagrams are taken into account
for the computation of the Wilson coefficients and which approximations are applied.

In the DCxSM, x is the DM candidate. The interaction between x and a quark or a gluon
is schematically shown in Fig. 5.1. In Sec. 5.1, this process is examined at tree level. The
NLO corrections to the process with external quarks are presented in Sec. 5.2. Higher-order
diagrams with external gluons are considered in Sec. 5.3. Finally, it is shown in Sec. 5.4 how
the amplitudes are matched to the effective Lagrangian of Eq. (3.24), i.e. how the Wilson
coeflicients are extracted.

5.1 Tree Level

At tree level, there are no diagrams where the DM particle x scatters with a gluon g; all
tree-level contributions to the diagram in Fig. 5.1 are of the topology as shown in Fig. 4.1a.
Only the Higgs bosons h; and hg are possible mediators, since only they are able to form
a three-vertex with two x particles according to Eq. (2.9) (using Eq. (2.13)). Hence, for a
given quark ¢, the total amplitude for this process at tree level is given by

A (m? —m3) cosasina
q ! q q ! q 1 2

where the parameters mi, ms, v, vg and « have been introduced in Chapter 2. Furthermore,
mg is the quark mass, u is the quark spinor, u is the antiquark spinor and p; and ps are the
incoming and outgoing quark momenta, respectively, and t = (py — p1)? is the Mandelstam

qorg qorg

Figure 5.1: Schematic diagram of an interaction between a DM particle and a quark or gluon.
The blob represents the sum of all possible diagrams with the corresponding external particles.

49
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Figure 5.2: One-loop electroweak corrections to DM—quark scattering. They are given by
propagator corrections, vertex corrections, box and triangle diagrams.

variable that corresponds to the square of the momentum transfer. As discussed in Eqgs. (3.5)—
(3.6) and below Eq. (3.14), the momentum transfer is negligible for Direct Detection processes
and hence the tree-level amplitude vanishes.

5.2 NLO Diagrams with External Quarks

Of all the diagrams that contribute to the Direct Detection process of Fig. 5.1, in this section,
the NLO diagrams with external quarks are considered. They are given by vertex and
propagator corrections to the tree-level diagrams as well as by box and triangle diagrams, as
displayed in Fig. 5.2.

All the mediators in these diagrams are Higgs bosons, that is either hy or hy. Only for the
triangle diagrams the mediators can additionally be G® or G*, as shown in Fig. 5.3.

Except for only using momentum configurations with zero momentum transfer, the vertex
and propagator corrections are computed without any approximation. Details are given in
Sec. 5.2.1. The box and triangle diagrams are simplified using an expansion for a small quark
momentum; this procedure will be presented in Sec. 5.2.2.

5.2.1 Propagator and Vertex Corrections

All propagator correction diagrams, i.e. all diagrams that are represented by the first diagram
in the sum in Fig. 5.2, are given in Fig. 5.4. Similarly, all vertex correction diagrams for the

X--—r—--X 2 X--=r=--X X--=r=--X X--—p=--X
=D ik o+ @0+ grhet
——q q 90 q+;>/‘_»q

q

q ———( i,j=1 G —

Figure 5.3: Possible mediators of triangle diagrams. While all other diagrams in Fig. 5.2 only
give non-zero contributions if the mediators are either iy or ho, for the triangle diagrams also
Goldstone bosons GY and G* have to be taken into account as mediators. If ¢ is an up-type
quark, then ¢’ is the corresponding down-type quark of the same generation (note that CKM
mixing is neglected in this work). If ¢ is a down-type quark, then ¢’ is the corresponding up-type
quark and the arrows of the G propagators must be reversed.
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a) Xﬁiﬁii‘riiix b) Xﬁihij\iiix C) X**B;F***X d) Xﬁiﬁiiriiix
L, (Oe bl o, () @, Go! 77
| . .
e) X--por--- X f) X——h—iT———x
Gﬂ?jmﬁ
qahj_;kq qiL»q

Figure 5.4: One-loop electroweak corrections to the h; propagator. Here, i,j,k,[ = 1,2. For
the definitions of ®; and ®5 see Tab. 4.1. For each external quark ¢ one is then left with 116
individual diagrams a—e (note that the loop direction matters in diagram e, which doubles the
number of diagrams of this type). In addition, the four (for ¢,j = 1,2) counter propagator
diagrams f are required to renormalize these corrections.

X X
X X S S
a) X--vi---- X b)) X-=c"=r-X ¢ XA yr---X d) X----[ X
s rhhk * th ha ih hli h;
qg——"% ¢q q ! q——"»—q q——"»q
e) X--;—=r--X f) X--s~---X g) X---®--X
hjv i hy D110 P ?
7 Sr \hi
\hl 1 Ny |
q q q q q q

Figure 5.5: One-loop electroweak corrections to the yxh; vertex. Here, i,j,k = 1,2. For the
definition of ®1; see Tab. 4.1. For each external quark ¢, one is then left with 32 individual
diagrams a—f. In addition, the two (for ¢ = 1,2) counter vertex diagrams g are required to
renormalize these corrections.

a) Xt X D) X e e X ) X m X d) X X
hj N [O3P) D12 q q G, G* )/ ?Z:W+
q >t q - q q q q - q
q q P5 q
€ X----rp-- X f) X---r---X
| 7 |
zZ,wt fx\GO,GJ“ i
q - q g ——QRQ—q
q

Figure 5.6: One-loop electroweak corrections to the ggh; vertex. Here, 7,7,k = 1,2. For the
definitions of ®5 and ®15 see Tab. 4.1. In diagrams that include G or W particles, ¢’ is the
corresponding down-type quark for an up-type quark ¢ and the corresponding up-type quark
for a down-type quark ¢ (in all other diagrams, ¢’ = ¢q). For each external quark ¢, one is left
with 38 individual diagrams a—e. In addition, the two (for ¢ = 1,2) counter vertex diagrams f are
required to renormalize these corrections.
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(“upper”) DM vertex xxh; and for the (“lower”) quark vertex qgh; are given in Figs. 5.5 and
5.6, respectively.
Including the diagrams with a counterterm (i.e. Fig. 5.4f, Fig. 5.5g and Fig. 5.6f) renders
the respective corrections UV finite. The counterterms have been constructed in Chapter 4.
Note that, if summed over i = 1, 2, the diagram in Fig. 5.6¢ is proportional to the tree-level
amplitude given in Eq. (5.1). Hence, in the limit of vanishing momentum transfer, this
diagram does not contribute. That is, for example,

T X---r---X

> aAe ~X i ~t=0 (52)

i q -- q % q——">»—¢q

in the limit ¢ — 0. Thus, also the infrared (IR) divergent diagram in Fig. 5.6¢ with a photon
in the loop (i.e. the case ®5 =) as well as IR divergent terms of the counterterm vanish.
In addition to the diagrams given in Figs. 5.4-5.6, there are propagator and vertex correction
diagrams with mediators other than the Higgs bosons that are allowed by the Feynman rules.
However, all of them vanish identically for different reasons. For details see App. B.

5.2.2 Box and Triangle Diagrams

There are three topologies of box and triangle diagrams for DM scattering with a quark.
They are presented in Fig. 5.7. For simplicity, we only consider triangle diagrams with Higgs
boson mediators in this section, but not the triangle diagrams with G° and G mediators
(see Fig. (5.3)). They are treated in exactly the same way.

The momenta that are introduced in these diagrams reflect the approximation of no
momentum transfer, such that the incoming and outgoing momenta of the DM particle y are
the same and so are the incoming and outgoing momenta of the quark ¢q. The amplitudes are

Pr P1—q D1 Pr P1—q D1
X,i’,rj’,ri’, X X -—- - I S X
iM = qlhl h]Tq + q\*\:/ 1
! l hj,~ > h
4 ———7—>—5"—-4q q q
P2 po+q P2 P2 po+q P2
Y41 P
AL a/; \4
= B by
/Ny j‘
q _— > —> q
P2 pa4+q P2

Figure 5.7: Triangle and Box Diagram Topologies for DM—Quark Scattering. There are two
box topologies and one triangle topology (of course, there is no vertex in the center of the second
diagram that would connect the two diagonal lines).
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given by

dq 1 1 1
(2m)4 g2 —m7 (p1 — q)* —m3 ¢ —m3 (5.3)
<p2+ﬂ+mq + ?2_g+mq )U(pQ)
(p2+q)2—m2  (p2—q)* —m2 ’
d*q 1 1 Pyt d+my
. A
2m)ig2—m2 ¢ — m§ (p2 +q)2 — mg“(m) (5.4)

iMG; =i A u(ps) /

Z./\/lﬁ = i4Bij fL(pQ) /

A;; and B;; are abbreviations for the couplings that occur in the diagrams in Fig. 5.7. It
holds A;; = a;a;b;b; and B;; = a;a;b;j, if a;, b; and b;; are the coefficients of h;qq, hix? and
hihsz in the Lagrangian, respectively. Explicitly, they read

2 2

.My COS & Mg sin a .mj sin a 1115 COS (v
a=—t—,, G=—1t—,; 0=—"1t—"", 0=—"1—7,
v v vg Vs
sin « . .
b1 = Ton2 (vs (m% — m%) cos® a + Um% cos? asin ov + vm% sin® a) ,
VU
: (5.5)
_ cosa 2 .3 2 2 2 2\ wind
bao = 5 (vm2 cos” a + vmy cos asin” o + vg (m2 — ml) sin a) ,
dvvg
Ccos o/ sin o . .
b1 = hoZ (QUTTL% cos® a + 2vm% sin? o — vg (m% — m%) sin Ba) .
vV
S

The main contributions to these integrals come from the regions close to the poles of the
propagators, that is where ¢? is close to the squared Higgs masses m3 and m3, which are
of the GeV order. In Direct Detection experiments, the target nucleus is almost at rest
and hence the energy of the nucleons can be approximated by the Fermi energy, which is
in the MeV order [66]. Thus, the approximation ps < ¢ is valid in these integrals and the
denominators that contain py can be expanded as follows [37, 67],

! S S NN R 0 (pg-q>2 (5.6)
(p2+q)?—mi @ £2p2-q ¢ q* q ‘ '

Using this approximation as well as the Dirac equation pu(p) = mqu(p) yields

diq 1 1 1 dmg  —dpa-q

. O _ q

S = A, :

MG = s [ G e )
d* 1 1 1 2py-

A - q P2 - q

ZM” - Bz] U(pQ)/ (271')4 q2 _ m’? q2 — m‘? <q2 - q4 ) (qu -+ g) U(pQ) (57)

These amplitudes can be reduced to the Passarino—Veltmann integral basis by the standard
techniques.

Note that this approximation is required for the fact that an exact calculation would not
lead to results that could be matched to the effective Lagrangian in Eq. (3.24); specifically,
without using the expansion (5.6), the external momenta of the DM particle and the quark



54 Chapter 5 The Amplitude of Dark Matter Direct Detection in the DCxSM
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Figure 5.8: Interaction of a DM particle and a gluon via a Higgs boson mediator and a quark
loop.

would appear as arguments of Passarino—Veltmann functions. Using the approximation, all
expressions for the box and triangle diagrams become proportional to either u(ps) u(p2) or
(p1 - p2) u(p2) p, u(p2) and are otherwise momentum independent.

5.3 NLO Diagrams with External Gluons

The interaction of a DM particle x with a gluon ¢ is only feasible through a Higgs boson
mediator and a quark loop. In the simplest case, the mediator Higgs boson can couple through
a quark triangle to a gluon. This is shown in Fig. 5.8. When summed over ¢ = 1, 2, this
diagram is proportional to the squared momentum transfer ¢ just as the tree-level amplitude
in Eq. (5.1) and therefore vanishes in the limit of vanishing momentum transfer.

In [17], also the higher-order diagrams in Fig. 5.9 are taken into account. The coupling
of a Higgs boson and a gluon through a quark triangle as in the first and second of these
diagrams can be matched to the coupling of the Higgs boson to heavy quarks QQ = ¢,t,b.
This matching is presented in Sec. 5.3.1. However, by this matching only diagrams with
electroweak corrections to the Higgs boson propagator and the (“upper”) DM-Higgs boson
vertex can be taken into account; electroweak corrections to the (“lower”) quark-Higgs boson
vertex would obviously interfere with the quark triangle, which makes a matching to heavy
quarks non-trivial, since the loops do not factorize [37]. Thus, including these corrections to
the quark triangle would require a full two-loop calculation, which is beyond the scope of
this work. Then, for consistency, also the first and second diagram of the sum in Fig. 5.9
have not been taken into account for the results of this work. Taking into account only the
propagator and “upper” vertex corrections also comes with the issue that the arbitrarily
introduced field-strength renormalization factors of the Higgs boson fields do not cancel
completely anymore, which they should as known from Fig. 4.5. Moreover, without taking
into account the field-strength renormalization constants consistently, the KOSY scheme for
the renormalization of the mixing angle « (see Sec. 4.4) would cause numerical instabilities for
degenerate Higgs masses mo — mq [60]. These effects will be further discussed in Chapter 6.

The third diagram in the sum of Fig. 5.9 represents the triangle and box diagrams with

X X
.- X-mooooox X--COr-x o x--{0-x
+ | + i

_Q\RQASUI/Q g o g g&@wg.

g g

Figure 5.9: Possible higher-order electroweak corrections to DM—gluon scattering. They are
given by propagator corrections, vertex corrections and a box diagrams.
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external gluons. This two-loop diagram can be reduced to an effective one-loop diagram in
the Fock—Schwinger gauge, as it will be derived in Sec. 5.3.2 (see this section also for the
explicit meaning of the blobs in this diagram). It is of the same order of perturbation theory
as the other diagrams in Fig. 5.9; its contribution to the cross section is negligible, as we will
discuss in Chapter 6.

5.3.1 Vertex and Propagator Correction Diagrams with External Gluons

The propagator correction blobs for diagrams with external quarks in Fig. 5.2 and for diagrams
with external gluons in Fig. 5.9 are identical. The same holds true for the vertex correction
blobs to the (“upper”) DM—-Higgs boson vertex. These diagrams with external quarks and
external gluons only differ in the “lower” vertex, where the Higgs boson couples to a quark
or via a quark triangle to a gluon. It turns out that the effective coupling of a Higgs boson
to a gluon through a quark triangle can be matched to the coupling of a Higgs boson to a
heavy quark @ = ¢, b, t [68].

This matching relies on a phenomenon called trace anomaly. Classically, the trace of the
energy—momentum tensor in QCD is given by [34]

or, = Z mgqq , (5.8)
q

where ¢ is the quark field and m, the corresponding quark mass. Upon including quantum
corrections, however, this trace receives an additional contribution proportional to the /3
function and the -, function of renormalization group theory [38, 68],

577,((18)

dog

Or, = mg(l—vm,)qq + G, Gh (5.9)
q

Here, oy is the strong coupling constant and the index n of the S function indicates the
number of quark flavors that are taken into account.

The nucleon matrix element of the trace of the energy—momentum tensor is equal to the
mass of the nucleon [69],!

M = (O, |n) . (5.10)

Under the assumption that approximately only the light quarks ¢ = wu,d,s contribute
significantly to the overall nucleon mass, using Eqgs. (5.9) and (5.10) the nucleon mass can be
written as

_ ,33(043) a v
My & q:%:d S (nlmq(1 = v, )agln) + = == (0], GLY ). (5.11)

Consequently, the contribution of a heavy quark @) to the nucleon mass is approximately zero

1 This neat result depends on the normalization being chosen as (n|n) = (27)26® (0)E/m,, where E is the
total energy and m,, is the mass of the nucleon.
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[68, 70], such that

— O a v
mor Y (mhmg(l— i) + 20 (ni, G (5.12)
q=u,d, s, Q s

for any @ = ¢, b,t. Subtracting Eq. (5.11) from (5.12) yields

Aﬁ(as) a v
o (nlGrLGL )

_ AB(as)
dog(1 — va)
—_———

0~ (nlmq(1 = Ymg)QQIn) +

= (njmeQQn) =~ (n|G,GH |n) (5.13)

—a./(12m)+0(a2)

where A3 = B4 — 83 = a2/(3m).2 Tt was also used that ~,, is of order O(ay).
Using this relation alongside with Eqs. (3.29) and (3.31), the contribution to the nucleon
coupling a,, from the gluon term of the Lagrangian can be given as

2005

an D (n|G},GLY |n) o =C4 (n|G},GL" In) ~ —24C% (n|mQQQ|n> ) (5.14)

K
If there was a term CngXQQQ in the Lagrangian, its contribution to the nucleon coupling
would be

an O (n|QQn) aF = 2CF (njmeQQ|n), (5.15)

where Eqgs. (3.28) and (3.30) were used. Thus, the gluon contribution can also be described
by such a heavy quark term in the Lagrangian, where the Wilson coefficients need to be
related by 209 = —240%. In practice this means that one can compute the Wilson coefficient
Cg’? from diagrams with external heavy quarks and thereby also find the value for the gluon
Wilson coefficient as

L @
Ci= —1505 (5.16)
without computing any diagram with external gluons explicitly. CZ then enters the cross
section as described by Eq. (3.35).

5.3.2 Triangle and Box Diagrams with External Gluons

The third diagram in the sum in Fig. 5.9 represents the triangle and box diagrams with
external gluons. More explicitly, it represents the diagrams in Fig. 5.10. All non-redundant
combinations of h; and h; (i, j = 1,2) have to be taken into account.

In principle, all quark flavors can appear in the quark loop in these diagrams. However,
since all of the diagrams contain two quark—Higgs vertices, each of which is proportional to
the quark mass, the contributions of all other quark flavors can be neglected in comparison to

2 Note that AB = Bni1 — Bn = a2/(37) for any n.
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Figure 5.10: Triangle and box diagrams with external gluons. a) shows the meaning of the
lower blob, whereas in b) the meaning of the upper blob is presented.

the top quark. Therefore, only the case of the top quark loop is considered, which will allow
for significant simplifications due to approximations that are valid for large quark masses.

Following [37], in the first step the quark loop integral will be performed in the Fock—
Schwinger gauge (see Sec. 5.3.2.1). After constructing the loop amplitude, where the gluon
legs are described in terms of background field contributions to the full quark propagator (see
Secs. 5.3.2.2-5.3.2.4), the loop integral is computed using Feynman parameters in Sec. 5.3.2.5.
After arriving at this result, the approximation of a heavy quark mass will reduce the result of
the loop integral — which is so far a function of the second loop momentum ¢ — to a constant
effective coupling between two gluons and two Higgs bosons. The sum of the diagrams in
Fig 5.10a can then be given in terms of an effective coupling between two Higgs bosons and
two gluons as shown in Fig. 5.11 In this way, the top quark that foremost contributes to these
diagrams has been integrated out and the full two-loop computation has been simplified to
two separate one-loop computations.

5.3.2.1 The Fock-Schwinger Gauge

The general Fock—Schwinger gauge condition on a gluon field Aj(x) with Lorentz index p
and SU(3) index a is given by [71]3

(a# —ap) Aj(x) =0, (5.17)

where zfj serves as an arbitrary gauge parameter. In what follows, we will choose zff = 0 for
simplicity.

Figure 5.11: Box diagram with effective gluon Higgs coupling.

3 This whole section follows [71] quite tightly.
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The Fock-Schwinger gauge comes with the useful feature that the gluon field Af, (z) can
be expressed uniquely in terms of the field-strength tensor G, (). In order to derive this
relation explicitly, one may start off by differentiating Eq. (5.17),

0 = 0, (¢”AL(x)) = A%(x) + 2”9, Al(x) = A%(x) + 2¥ (G (2) + D, Au(2)) . (5.18)

Note that the last step in Eq. (5.18) is valid because in the Fock—Schwinger gauge the third
term of the field strength tensor

G, = 0,AL — 0,A% + g fabCAZAg (5.19)

vanishes upon multiplication with z”. Substituting z — ax yields

d
0= Aj(ax) +2"0,Ay(az) + az” G}, (ax) = %QAZ(am) + az" G, (ax) . (5.20)

Finally, integrating both sides from a = 0 to a = 1 leads to the sought-after relation

1
Al(z) = —x”/o daa G, (ax). (5.21)

It is possible to perform the integral over «v explicitly by writing G, ,(ax) as a Taylor series

around z = 0,4
Ay = [ daaz (I g ) Gton)| (1T

- /daaz (I g ) Gt
:—:U”Za / docan ! ( " af@)c:gym)

== ZMH (1) 90,) G2 ()| (T2 277).

(ITizq, 27%)

=0

(ITi= =)

=0

(5.22)

5.3.2.2 The ldea of the Background Field Method

Before moving on with computing the quark loop, let us quickly introduce the basic ideas of
the background field method. A more profound introduction is given in [35].
Pictorially, the QED Lagrangian can be given as

4 MN< (5.23)

If one is interested in processes with external photons only in which case the electrons
solely appear as internal loop particles, it is possible to compute an effective QED Lagrangian

L:

_l’_

4 In Eq. (5.22), the convention II)_; (anything) = 1 is used.
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for these processes that is of the form [35]°

Lo = (5.24)

:—4F (@) (3) + al Ay (z) + DY A, (2) Ay (z) + 7 A ( Aq(

This effective Lagrangian only depends on photon fields A, (x), whereas the fermion fields
are integrated out. That is, their effective contribution through the loops is absorbed into the
coefficients a*, b*¥, "7 etc.

For example, the prefactor b* is computed by

b A, (0) A, (0) = W@ -
5.25

= (ie)? / dtzd*2 Tr SO — 2)A(2)S° (2 — 2)A(Y),

where S°(x — y) is the fermion Feynman propagator in position space. Here, the propagator
with a cross marks the corresponding field as a background field (not to be confused with a
counterterm) that comes with the Feynman rule [34]

®~\< = z'e/d4z A(2) (5.26)

in position space.
In the presence of this background field, the full fermion propagator, describing a fermion
travelling from x to y, is given by [34]

S(z,y) = ﬁy+xﬁy+

=S%z —y) + ze/d4z SOz — 2) A(2) S°(z — y) (5.27)

+ (ie)Q/d4z d*2' 8%z — 2) A(2) SOz — 2V A(Z) S°(Z —y) +--- .

5 In principle, Leg also includes a fermion loop with no external photons. This diagram is equivalent to a
constant and constant terms in Lagrangians have no effect on the computation of scattering amplitudes.

6 Note that the integral over d*z d*2’ needs to be proportional to A, (0)A, (0), since there is nothing but A,
to carry the Lorentz indices and there is no length scale that could appear as an argument of A,. Still, in
the effective Lagrangian (5.24), the fields have all the same spatial argument z.
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5.3.2.3 The Full Quark Propagator in a Gluon Background Field

The object of interest is a quark loop with two Higgs bosons and two gluons attached to it.
Ignoring the gluons for the moment, the quark loop with two Higgs bosons only is given by
Feynman rules as

in position space. Here, HZ-O is the Feynman propagator of the Higgs boson field h;, S° is
the Feynman propagator of the quark and a; is the coupling factor of the h;qg coupling.” In
position space, this amplitude cannot readily be given in its amputated form, as the external
propagator depends on integration variables. After performing a Fourier transformation
on HY and choosing the coordinate system such that y = 0 it is found that the amputated
amplitude (with the Higgs propagators dropped) reads [71]

illij(q) = hi =2~ T2 by = —asa; / dz e Tr S%(z — 0) S°(0 — ). (5.30)

To include (all possible numbers of) gluons that are attached to the loop in addition to the
Higgs boson simply replace S°(z — y) by S(z,y) from Eq. (5.27). This will change II;;(q) to,
say, I1;j(q). Defining the Fourier transformed propagators

S(p) = / Azt S(x,0),  S(p) = / iz e P (0, 7) (5.31)

and using the inverse versions of these relations to turn S(z,y) into momentum space yields
4

illij(q) = —asa; / (3734 Tr S(p)S(p —q) - (5.32)

Plugging the expansion (5.27) into Eq. (5.31) (and replacing e — g5, since we are now

7 For explicitness: In the DCxSM, the (Yukawa) couplings a; of the Higgs mass eigenstates h; with a quark
q are given by

Mg COS & .My Sin «
a = —i———"— as = i—4—"——, (5.29)
v v

where myq is the quark mass, o the Higgs mass mixing angle and v the VEV of the Higgs field H.
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concerned about gluons instead of photons) yields®

4

oyt S DA (o ~ )

5@:§@+%/

4 4
i) [ TS A8 0 — k) A2)S"(p— b — ).

) (5.34)
5750+ DA 0)

(10?800 b+ k) AR+ ) AR D).

S@=9@+@/

where S%(p) =i/(p —m). In these expressions also the Fourier transform of the gluon field
Apu(z) = t*Af,(z) appears, with t* being the generators of SU(3). Using the expansion (5.22),
it can be given as

Au(k) :/d4x e*TA,(2)

> 1 1 n ik v n Lo
== s (T ) Gulollcg [ oo (e (53)
=3 s (200 G (g (M TE ) [ e,
—(2m)45(k)

where G, () = t°Gf, (7).

5.3.2.4 Constructing the Loop Amplitude

The overall structure of both propagators S(p) and S(p) from Eq. (5.34) reads S04+ 50489 +
SYAS0ASY + . ... In the loop amplitude (5.32), the combination S(p) S(p — q) appears, which
then is of the structure

5SS = (8% +8°48° + 50489480 + ... )2

5.36
= 595°45%45% + 5945°5°45° 4+ 5°45°45°5° + (irrelevant) . (5.36)
8 For example, for the derivation of the second term of S(p) consider
/ drze " / d*za(x — 2)b(2) c(2)
ipe [ Ak d'k2 dks  _igyw —itky—kotks)-s
= [dtwatzers [ R E e T el o

d*ky d'ks _; Co)em
::/f”/CMQQA}awﬁhp)a@r+mwwndM>

= [ e et b).

The other terms are derived analogously.
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Since the object of interest in this work is a loop with exactly two external gluons, all terms
with a number of gluon fields A other than two are irrelevant. Filling in the details, the
amplitude reads

4 4 4
iij(q) = —(igs) aia; / (;lﬂ]; é:;z; (%24 (5.37)
Tr (S°(p) S°(p — q + k1 + k) A(k2) S°(p — q + k1) A(k1) S°(p — q)
+8(0) Allr) S°(p — k2) S°(p — 4 + 1) A(K2) °(p )

+5%(p) A(k1) S°(p — k1) A(k2) S°(p — k1 — k2) S°(p — )
+ (irrelevant) .

Now, the expansion (5.35) can be plugged in. Only the first term n = 0 is required. Using
G (0) = Gf,(0)t* and Trt%t® = §%°/2, and dropping the irrelevant terms, yields®

. i?(igs)? “ “ dp 0 0
iij(g) = _(s)ai“j G (0)G(0) / (27) Oky, Oy (5.39)
Tr (S%(p) S%(p — g + k1 + k2) v S°(p — g + k2) v* S°(p — q)
+ 5%p) v S°p — k1) S°(p — g + k2) v S°(p — q)
+5(p) 7" 5% (p — k1) ¥ SO (p — k1 — k2) S°(0 = 0)) |, o -

In the first of the three terms, the names of the momenta ki <> k9 have been swapped to
enable a compact notation.

5.3.2.5 Computing the Loop Integral
One may replace [37]

1
quGga — EGznG(mn (g,upgl/o - guagyp) (5.40)

if one is only interested in spin-independent interactions. Furthermore, one can now plug
in the explicit form of the Feynman propagators S°, perform the derivatives with respect
to k1 and ko and compute the Dirac trace. Finally, by a shift of the integration variable
p — —p + ¢ in the first term in the trace of Eq. (5.39), it can be shown that the first and the

9 Also the § function identity

/d4:cf(m) 0,0(x) = —0uf(@)],—_y » (5.38)

which is easily derived using integration by parts, is used in this step.
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last term contribute equally. Specifically, the result is

i2(i95)2
2
/ dp <2. 2m? (2p* —p - q) 2m*+p-(p—q) )
(p* ’

(2m)* —m?)H(p—q)? —m?)  (p2 —m?)2((p — q)? — m?)?

iHij(q) = aiaszy(O)G“’”(O) (5.41)

where m is the mass of the quark in the loop.
This loop integral can now be evaluated by the usual procedure. The identity [34]

TN ) [ g 00 =S ) [T e
ilj[l A% T M/O (ITi=1 dai) o Zixi)zyzjai (5.42)

is used to introduce Feynman parameters x;. By a shift p — p 4+ ¢z, the denominators can
then be brought into the form (12 — A)", where

A=m?—¢x(l —2), (5.43)
such that the integral formulas in [34] can be applied:

1 4 2 _p.

0) = S G 0)6(0) [ [ 20 (Sm—ayp 2

2m* +p- (p— q)>

((p—qz)? = A)*

(1 —2)3(2m? — ¢%z) + 3¢%2*(1 — z)%A
A3 ’

+z(1—2) (5.44)

. 9 1 2
g y dm
= 095 010y (0)G(0) /0 do
It was used that [ d*pp*f(p?) = 0 for any function f by symmetry.
Recall that m is the quark mass and that only the top quark is considered, hence m = m.
q is the loop momentum of the second loop of the diagrams in Fig. 5.10a as well as the
momentum of the Higgs propagators. Thus, as in Sec. 5.2.2, the main contribution to the
integral of the second loop comes from regions where ¢2 is close to the squared Higgs masses
m% and m% Assuming m; < m; and mg < my therefore yields ¢ < m%, which makes the ¢
dependence drop out completely,
L~ A a; G%,(0) G (0) (5.45)
ill;; ~ 1872m3 a;a; G, . .
The validity of this approximation is discussed and compared to the full two-loop result in
[37]; for large Higgs masses, the approximation over-estimates the full two-loop result for the
contribution to the Wilson C¥. We will discuss the contribution of these box diagrams with
external gluons to the cross section in Chapter 6.
According to Eqgs. (5.24) and (5.25), this expression for iIl;; can — after dropping G, (0)G**(0)
— be plugged in as a vertex factor for the effective gluon—gluon—-Higgs—Higgs vertex in Fig. 5.11.
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In other words, the Feynman rule

hi h
ST gl A
g g

can be adopted. This Feynman rule corresponds to a term

1 92
LD - —=2—a;a; hih; G, G 5.47
- 2 4872m2 (5.47)

in the effective Lagrangian [37].

Using this Feynman rule, the box diagrams with external gluons in Fig. 5.10 are thereby
reduced to a 1-loop diagram that can be computed by the standard procedure.

5.4 Matching the Amplitude to the Effective Operators

Regarding their dependence on external momenta, the mathematical expressions of all
the diagrams with external quarks have only two types of terms that contribute to spin-
independent scattering: Terms proportional to @(p2)u(p2) (and otherwise independent
of momenta) and terms proportional to (py 'pg)pl u(p2) u(p2), where p; is the DM four-
momentum and ps the quark four-momentum. Thereby, the spin-independent part of the
expression of any diagram with external quarks that was considered here can be brought into
the form

iM =i (Ad(p2)u(pa) + B (p1 - p2) (p2)p,u(p2)) (5.48)

with some momentum-independent coefficients A and B.
The effective Lagrangian that would produce such an amplitude reads

1 _ 1 o - _ .
Log = 5Ax2qq + §B (x 0" 0" x) (@10, q) - (5.49)
Note that it immediately follows from the definition of O}, in Eq. (3.27) that [37]
. (O — Oy 1
qi0uvvq = O}, +1iq ("%2% . 49#11@) q. (5.50)
Plugging this expression into Eq. (5.49) yields
2 8 X

1 1
Leﬁ = <A + -m B> quQqu =+ §B (X Z(‘)“ zal’ X) Olq“/ . (551)

Note that 9,7, — 0,7, is antisymmetric in u and v whereas x i0* 10" x is symmetric. Hence,
this term does not contribute. Furthermore, the Dirac equation @q = mgq was employed.
By comparing this expression with the definition of the Wilson coefficients in Eq. (3.24),
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the Wilson coefficients can be related to the coefficients A and B as follows:

Cl=_—A+ "™p (5.52)
2my 8
2
m
Ct = TXB. (5.53)

By the procedure presented in Sec. 5.3.2, all triangle and box diagrams with external
gluons are proportional to Gy, G*" and independent of momenta. Thereby, they can be
matched directly to the gluon term of Eq. (3.26) in the effective Lagrangian (3.24) in order
to determine the Wilson coefficient C’g.






CHAPTER 6

Numerical Analysis

After the analytical calculation of the cross section according to Eq. (3.35), numerical results
are obtained by fixing the values of all input parameters. The values of the SM parameters
used in this work are given in Sec. 6.1.

There are two distinct types of numerical analyses performed in this chapter. The first one
is based on a parameter scan, which produces parameter points that obey current theoretical
and experimental constraints. In Sec. 6.2, this analysis is described and its results are
presented.

In Sec. 6.3, an individual valid parameter point is selected and its behavior upon variation
of different parameters is examined.

Note that the approach for computing the cross section of Direct Detection in this work
takes into account all the diagrams of Fig. 5.2, but only the last diagram of Fig. 5.9. For a
detailed discussion about the choice of diagrams and the applied approximations see Chapter 5
as well as Sec. 6.3.

6.1 Numerical Values of the Parameters
For the SM parameters we take the following values [11, 72],

my = 0.19 GeV me = 1.4 GeV my = 172.5GeV

mg = 0.19GeV , ms = 0.19 GeV , my = 4.75 GeV ,

me = 0.511 MeV , m,, = 105.658 MeV , my; = 1.777 GeV , (6.1)
my = 80.398 GeV v = 246 GeV

my = 91.188 GeV .
Note that thereby also the weak coupling and the Weinberg angle are fixed as
g =2mw /v = 0.653, sin Oy = my /myz = 0.472. (6.2)

Recall that m; and mo are the masses of the lighter and heavier Higgs boson, respectively.
In this chapter, we denote them as mj, for the mass of the SM-like Higgs boson and as myg
for the mass of the non-SM-like Higgs boson. For the SM-like Higgs mass the value

mp, = 125.00 GeV (6.3)
is used [19].

Furthermore, the computation of the cross section according to Eq. (3.35) requires numerical
values for the mass of a nucleon as well as for the form factors and second moments. The
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analysis of the subsequent sections is done for the proton p, i.e. it holds

o=0p, (6.4)
where o), is given by Eq. (3.35). The proton mass is taken to be [11]

my, = 0.938 GeV . (6.5)

The values for the form factors fi' and f;' as well as for the second moments ¢"(2) and ¢"(2)
are taken from [37],

fP=0.01513, f7=0.0191, fP =0.0447,
f?=0.92107,
uP(2) =0.22, ?(2) =0.019, (6.6)
aP(2) = 0.034, &(2) = 0.019,
dP(2) = 0.11, sP(2) = 0.026, bP(2) = 0.012,
(2) = 0.036, 5(2) = 0.026, bP(2) = 0.012.

If not stated otherwise, all results are given in the Feynman gauge £ = 1, where £ is the
gauge parameter of all gauge bosons. The gauge dependence will be examined in Sec. 6.3.

6.2 Parameter Scan

Having fixed all SM parameters according to Sec. 6.1, the values for the remaining four
parameters given in Eq. (2.18) are produced during a parameter scan, which is automatized
by the code SCANNERS-2 [73-76]. The scan ranges were chosen as follows,

mg €[ 30GeV, 1000GeV],
my €] 30GeV, 1000GeV
vs € 1GeV, 1000GeV

ac| -—m/2, T/2].

)

]

],

| (6.7)
]

The parameter scan of SCANNERS-2 takes into account current bounds for the non-SM-like
Higgs boson from LEP, Tevatron and the LHC as well as constraints on the DM candidate,
using interfaces to HIGGSBOUNDS-5 [77-79], HIGGSSIGNALS-2 [80] and MICROMEGAS [51].
In addition, MICROMEGAS computes the relic density, as introduced in Sec. 3.6, for every
parameter point.

In Fig. 6.1, the parameter points of the scan are added to the plot from Fig. 3.3, which
shows the limits of several liquid xenon based Direct Detection experiments as well as the
neutrino floor. Note that the effective cross section, as defined in Eq. (3.39), is plotted. There
are parameter points above the neutrino floor (which is plotted in gray), corresponding to a
wide range of mass values for the color-coded non-SM Higgs mass my. The majority of them
lies within a relatively narrow DM mass range of about my/2 < m, < 80GeV. We found
only points below the prospective XENON10T limit, but some lie above the prospective limit
of the upcoming DARWIN experiment [81].
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Figure 6.1: This plot shows the parameter sample together with the limits of liquid xenon
based experiments from Fig. 3.3. The corresponding values of the effective spin-independent cross
section fy, - o (see Sec. 3.6) are plotted against the DM mass m,. The color of the parameter
points illustrates the mass of the non-SM-like Higgs boson mg. The neutrino floor is plotted in
gray. The data for the limits and the neutrino floor was taken from [40-46], using the tool [47].

In Fig. 6.2, the cross section of all parameter points is plotted against the four non-SM
parameters of the DCxSM. The plot in Fig. 6.2a is similar to Fig. 6.1, but with the cross
section o instead of the effective cross section fy, - o and with the axis bounds chosen in
a way that all generated points are shown. For higher cross sections of about 104" cm?
there is an edge at m, = mj,/2. Note that the Higgs boson can decay into two DM particles
if my < my/2. The Higgs to invisible searches at the LHC impose a constraint on the
corresponding coupling of the DM-Higgs vertex. Since o is proportional to this coupling,
these constraints can be translated to constraints on o, which forbids parameter points with
my < my/2 for cross sections of a certain value (of about 1075 cm? according to Fig. 6.2a)
and above. For lower cross sections, DM masses of about 55 GeV and below are strongly
constrained, presumably by astronomical observations. Moreover, from the color coding of
Fig. 6.2a one can infer an anticorrelation between the cross section ¢ and the non-SM-like
VEV uvs.

In Fig. 6.2b, only the parameter points that lie above the neutrino floor in Fig. 6.1 are
plotted in color. By comparing the Figs. 6.2a and b with Fig. 6.1 it is obvious that it
considerably depends on the value of the relic density factor f,, which points lie above the
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Figure 6.2: The cross section plotted against m, (a, b), mg (c, d), vs (e, ) and « (g, h). On the
left-hand side, all about 260 000 parameter points of the parameter scan fulfilling the theoretical
and experimental constraints are plotted; the color illustrates the size of an additional parameter.
On the right-hand side, only the parameter points that appear above the neutrino floor in Fig. 6.1
are plotted in color and all remaining parameter points in gray.
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neutrino floor and which ones do not.

In Fig. 6.2c, the parameter points are plotted against the mass of the non-SM-like Higgs
boson mg. For mg < my /2, there are only isolated points since the decay of a SM-like Higgs
boson into two non-SM-like Higgs bosons is strongly constrained by collider experiments.
For mg < myp, only points with o ~ £7/2 are found: The inverted mass hierarchy with
additional light neutral Higgs bosons is only possible with singlet-like light Higgs bosons.
Furthermore, there is a dip at mg = my,. It is already apparent in the tree level amplitude in
Eq. (5.1), which is proportional to m? — mi (for finite ¢). This dip is also observed in the
Vector Dark Matter Model [39].

In Fig. 6.2d, i.e. after dropping all points below the neutrino floor, there is a single
parameter point left over for mg < my, while most remaining points correspond to a wide
span of rather large masses 1.

The behavior of the parameter points w.r.t. vg is examined in Fig. 6.2e. As it can already
be seen in Fig. 6.2a, the large cross sections are strongly constrained for large values of vg. It
can also be inferred from Fig. 6.2c that there is a correlation between mg and vs.

Finally, in Fig. 6.2g, the parameter points are plotted against the Higgs mixing angle a.
It follows from Eq. (2.12) and (2.13) that the mixing of the gauge eigenstates ¢y and ¢g is
maximal for & = £7/4, where basically no points appear in Fig. 6.2d. It was shown in [76]
that large singlet admixtures to the SM-like Higgs boson are disfavored by the experimental
constraints, which is also applicable to the DCxSM. For « = +7/2, the gauge eigenstate of
the SM-like Higgs boson ¢y is associated with the heavier Higgs mass mg, such that mg must
be smaller than myj,. Therefore, the points in this region show up in a dark hue. At a =0
the mixing of the Higgs gauge eigenstates vanishes and so does the mixing of the SM-like
Higgs doublet H and the non-SM-like singlet S (see Eq. (2.1) and note that Apg|a—=o = 0
from Eq. (2.16)). Therefore, the Higgs portal to the SM is “closed” for e = 0 and the cross
section of Direct Detection vanishes. This becomes apparent as a dip in Fig. 6.2g.

From Fig. 6.2 it can be seen that most points above the neutrino floor correspond to Higgs
mixing angles with o < 7/4, but the single point that shows up in the region mg < my, in
Fig. 6.2d corresponds to o &~ —7/2.

6.3 Behavior with Respect to Selected Parameters and Gauge Dependence

In order to examine how the cross section depends on individual parameters, we choose a
parameter point from our scan that lies well above the neutrino floor in Fig. 6.1. Specifically,
the point with

mg = 546.93 GeV,
my = 72.53 GeV,

6.8
vg = 152.05 GeV, (6.8)
a=0.224
is chosen, which corresponds to the cross section
Frox 0 = fry - 216 x 107% cm? = 8.63 x 1074 em?. (6.9)

There is a green and a blue curve in all plots of Figs. 6.3—-6.5a. The green curve corresponds
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Figure 6.3: Dependence of selected parameter points on m,. In a, the parameter point of
Eq. (6.8) was varied. In b, the selected parameter point is given by my = 1 TeV, vg = 2v and
sina = 0.1, as in [17].

to the approach of this work for the computation of the cross section, i.e. taking into account
only the last diagram of Fig. 5.9. For the blue curve, all diagrams of Fig. 5.9 were taken into
account. We will refer to this approach as “including all gluon diagrams”.

Fig. 6.3a shows the behavior of the selected parameter point upon variation of m,. While
for m, values larger than 30 GeV the difference between the two approaches is roughly a
factor of 3, the curves differ fundamentally for small masses m,. As it is argued in [82], the
Goldstone nature of the DM candidate of the DCxSM entails that — in the limit of vanishing
momentum transfer ¢t — 0 — only the U(1) breaking term of the Higgs potential 2.1 gives rise
to non-vanishing loop corrections to the scattering between DM and a nucleon. Conversely,
the Direct Detection cross section must vanish if U(1) is restored, which is equivalent to the
limit m, — 0. This behavior is only revealed in our approach, but not if all gluon diagrams
are taken into account.

Moreover, including all gluon diagrams gives rise to a pole at m, = mg/2 and — although
it is hardly visible in Fig. 6.3a — also at m, = m;/2. These poles are introduced by the
field-strength renormalization factors of the Higgs mediators and they are not canceled if all
gluon diagrams are included (see the discussion in Sec. 5.3).

For comparison with the results of [17] consider Fig. 6.3b, where the parameter point to be
varied is chosen accordingly. When including all gluon diagrams, as it is done in [17], their

/

— 2my,

my,
mp/2

10! 10° 10% 10! 10° 10%
vg/GeV mey/GeV

Figure 6.4: Dependence of the cross sections of selected parameter points on vg and 1.
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and our results differ by almost an order of magnitude.

While Fig. 6.4a, which illustrates the dependence of the cross section on vg, only confirms
the observation from Sec. 6.2 that a large value of the non-SM-like VEV suppresses the
cross section, the dependence on mg shown in Fig. 6.4b reveals again a significant difference
between the two approaches. While both have a pole for degenerate Higgs masses mgy = my,
(this complies with the dip in Fig. 6.2b), including all gluon diagrams introduces several other
poles, for example at my = my,/2 and mg = 2my,.

In order to check our result for gauge invariance, we define the relative gauge dependence
as

Aeo = —=L, (6.10)

It is illustrated in Fig 6.5a. While in our approach there is no gauge dependence, including
all gluon diagrams introduces a significant gauge dependence, which again can be traced back
to the field-strength renormalization constants of the Higgs mediators.

Finally, we examine the contribution of the gluon box diagrams, that is the last diagram in
Fig. 5.9, which is given in more detail in Fig. 5.10. Let o|nogp be the cross section without the
contribution of these gluon boxes, while ¢ is still the cross section computed in our approach,
i.e. including the gluon box diagrams. The relative dependence of the cross section on the
gluon box diagrams is then defined as

o— 0
7= Thnosp (6.11)
nogb

A =
gh0 O'|

This quantity is plotted against m, in Fig 6.5b. Obviously, the influence of the gluon box
diagrams is in the sub-percentage region. Hence, not taking into account the gluon box
diagrams and thereby treating all diagrams with external gluons in Fig. 5.9 consistently
would not significantly alter the overall result.

(0
a) b) 0%
100% —0.2%

—0.4%

gh0

<1 —0.6%

/ —0.8%
0% e
\_/ —1%
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b

Figure 6.5: Gauge dependence and dependence on the gluon box diagrams. A¢o and Ago are
defined in Egs. (6.10) and (6.11), respectively.






CHAPTER [/

Conclusion

In this thesis the Dark Complex Scalar Extension of the Standard Model (DCxSM) was
studied, which includes a DM candidate, and the spin-independent cross section for DM
Direct Detection was computed. It was argued in Chapter 3 that the momentum transfer
between the DM particle and the target nucleus in Direct Detection scattering processes is
negligibly small and in Chapter 5 it was shown that the cross section therefore vanishes at
tree level. Hence, it is required to also compute the higher-order electroweak corrections to
this process, which was the major part of this work.

As a general feature of Quantum Field Theories, higher-order corrections introduce infinities,
which need to be taken care of by renormalization. Chapter 4 was dedicated to the elaboration
of the renormalization procedure specific to the Direct Detection process in the DCxSM.
Moreover, the computation required the application of certain approximations for being
able to match the analytical results to the effective Lagrangian, which is necessary for the
incorporation of nuclear physics. They were worked out in Chapter 5.

Finally, after the analytical calculation of the Direct Detection cross section, the result
has been numerically analyzed in Chapter 6 by performing a parameter scan. It turned out
that for xenon based Direct Detection experiments there are parameter points above the
background due to neutrino—xenon scattering. Hence, prospective experiments that reach
sufficiently high sensitivities will either detect a signal which can be explained within the
DCxSM or exclude certain parameter points of the DCxSM.

Furthermore, the standard approach in the literature — which takes into account a certain
subset of the two-loop diagrams with external gluons — was compared to the approach of this
work, where consistently only one-loop diagrams were taken into account.! In the former
approach the behavior of the cross section fundamentally differs from what is expected due
to the Goldstone nature of the DM candidate in the DCxSM, whereas in our approach the
proper behavior (the vanishing of the cross section in the limit of vanishing DM mass) was
observed.

Further research would be required in order to consistently take into account the diagrams
with external gluons given in Fig. 5.9, which is only possible by additionally computing the
corresponding diagram with the two-loop correction to the gluon-Higgs vertex.

1 While this approach did also include the effective two-loop box and triangles diagrams with external gluons,
it was shown that dropping their contributions does not significantly alter the result.
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APPENDIX A

The Higgs Mass Mixing Angle

For the purpose of deriving Egs. (2.15), let us abbreviate the Higgs mass mixing matrix as'

M? = (Z g) , where a=Agv?, b=Agvg, €= AggvUs. (A.1)

Computing the matrix product RM?R~! explicitly, Eq. (2.13) can be given as

acos? a + 2ccos asin o + bsin? « (b—a)cosasina + ¢ (cos? a — sin? )
(b —a)cosasina + ¢ (COS2 a — sin? a) asin? a — 2ccosasina + beos? a

L (ﬂgﬁ 735) . (A.2)

These four equations in (A.2) (two of which are equal) define a. Since a shift « - a + 7
turns R — —R and therefore does not affect RM?R~! and the defining equations for a, one
may assume —7/2 < a < 7/2.
From the vanishing off-diagonal elements in Eq. (A.2) follows
2c 2 AHS VS

tan2a = —— = . A.
T T e = aeed A9

Unfortunately, since tan 2« is not injective on [—7/2,7/2], this equation does not unambigu-
ously determine . However, the diagonal elements of Eq. (A.2) have not been used so far.
Subtracting them from each other and plugging in a — b from Eq. (A.3) yields

2
m3 —m?2 = —(a — b) cos 2o — 2¢sin 20 = — ¢

. A4
sin 2ar ( )

Solving this equation for sin 2« gives the second relation in (2.15). The identity for cos 2« is
trivially derived from the expression of tan 2« and sin 2a.

1 This derivation was inspired by [83].
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APPENDIX B

Vanishing Propagator and Vertex Corrections

In Sec. 5.2.1, the electroweak propagator and vertex corrections to the DM Direct Detection
process in the DCxSM have been discussed. There, only diagrams were considered where the
mediator is a Higgs boson, i.e. either hy or he. While Feynman rules do also give rise to
diagrams with other electroweak mediators, they all vanish identically. In this appendix, we
will consider these diagrams — which are given in Fig. B.1 — one by one and explain why they
do not contribute.

In this section we are going to use the convention that p; and ps are the incoming and
outgoing quark four-momenta, respectively. ¢ = ps — p; is the momentum transfer and k
is the loop momentum. That is, for the diagrams that are discussed in this section, the
momenta are defined as in Fig. B.2.

a) Xﬁff’\fffx b) Xﬁfﬁfrfffx C) X777L77777X d) Xﬁfﬁfrfffx
q q

+y kgt i
GT1 G o, @,
31

d, )
0]
P £ TSP s
Figure B.1: One-loop electroweak propagator and vertex corrections with mediators other than
the Higgs boson. Here, the following abbreviations were used:

q q

i=1,2,
(1)1:7327
(D2:f777i7

(I)3:f7W+7G+5n:|:'

Furthermore, f = u,c,t,d, s, b, e, u, 7 stands for all charged fermions.

b1 D2

Figure B.2: The momentum convention that is used in this appendix. The blob describes
the interaction of the DM particle with two arbitrary particles either via a four vertex (as in
Fig. B.1a) or alternatively via a Higgs boson propagator (as in Fig. B.1b—d).
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Using this convention, the diagrams in Fig. B.1 vanish for the following reasons:

Fig. B.1a:
From Eq. (2.10) it is apparent that the vertex factor of the x? ‘GJF|2 vertex is
scalar and constant.! On the other hand, both the vertices v }G*f and Z ‘G*f
are proportional to ¢" + 2k [84]. The term with k* vanishes by integration
over the loop momentum, since the factor of k* will make the integrand odd.
The momentum transfer ¢g* forms a dot product with the vector boson Feynman
propagator D%’ (q), which yields g, D%’ (q) ~ ¢” for any gauge. This ¢” will then
be dotted into the v* matrix of the gq®; vertex, where it produces the expression

Upy fUip, = Up, (?2 - pl)um ) (B.1)

which vanishes after applying the Dirac equation u,(p —m) = (p — m)u, = 0.

Fig. B.1b, &5 = f:
The vertex factor of the ffh; vertex is scalar and constant for any fermion f. On
the other hand, the vertex factor of the ffGY vertex is proportional to v° [84].
Hence, the trace of the loop has the structure

Tr(k+m)y°(d + k+m) =0, (B.2)
which vanishes, since Tr 75 =Tr 757“ =Tr 757“7” =0.

Fig. B.lb, CI)Q = N+:
The two diagrams of B.1b with ®3 = 1, and ®3 = n_ precisely cancel each other,
because n4 and 71— have identical propagators and the vertices nihi and 72 h;
have identical vertex factors, but the vertices niGo and 12 Gy yield a relative
minus sign [84].

Fig. B.1c, &3 = f:
Since the vertex factor of the ffh; vertex is scalar and constant for any fermion
f [84] and the vertex factor of the ff®; vertex (®; = v, Z) is proportional to
(14 av®) (for some scalar a) [84], the trace of the fermion loop has the structure

Tr(f +m)v" (14 ay®) (¢ + ¥ + m) = 4m(¢" + 2k*). (B.3)

Here it was used that the trace over an odd number of v matrices vanishes and so
does the trace over a product of up to three v matrices together with v°. Thus,
the argument that holds for the diagram in Fig. B.1a can also be applied in this
case.

1 In this appendix, “constant” means momentum independent and “scalar” means not containing a v matriz.
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Fig. B.lc, ®3 = W™
The coupling between a Higgs boson h; and two W™ bosons is constant, scalar
and proportional to g’ [84]. The coupling between v or Z and two W™ is
proportional to [84]

Vooul@, k) = =90p(q + 2K) 1+ 9pp(2¢ + k)o + gpo(k — @) - (B.4)

If DL” (p) is the propagator of vector bosons a = v, Z, W, then the structure of
the loop together with the &1 = ~, Z propagator reads

L" = gnw DY (k) Dy (q + k) Vopu(a, k) Dg, (q) - (B.5)

v is the only free index of this expression, which can — after performing all
possible contractions — only be carried by either g or k, since none of the objects
in Eq. (B.5) contains a y matrix. Thus, L” must be of the form

LV = A(¢*, k*)¢" + B(¢*, k*)k" (B.6)

where A and B are arbitrary functions. Consequently, the argument that holds
for the diagram in Fig. B.1a also works in this case.

Fig. B.lc, &3 = G™:
The vertex factor of the h; ‘G*‘Z vertex is scalar and constant [84]. Thus, the
argument for diagram B.la also works in this case.

Fig. B.1c, &3 = ny:
The vertex of h; and two charged ghosts is scalar and constant [84], whereas the
vertex of v or Z and two charged ghosts is proportional to ¢* [84]. Thus, the
argument for diagram B.la also works in this case.

Fig. B.1d:
The vertex factor of the h; GTW ™ vertex is proportional to 2¢° + k7. The vertex
factor of the ®1GTW ™ vertex is a constant and proportional to g°* [84]. Similarly
to the case B.lc for ®3 = W, the structure of the loop together with the
propagator of ®; =, Z is given by

L" = (2 + k)o D} gou DY (B.7)

Again, the free index can only be carried by either ¢ or k£ and the argument of
the case B.1c for ®; = W™, can also be applied here.
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List of Used Software

The purpose of following list of software that was used for this work is to be fully transparent
about how this work was elaborated and to give the authors of this software the credit they
deserve. The short descriptions of the software were taken from their websites or paper

abstracts.

COLLIER

FEYNARTS

FEYNCALC

HicgsBoOuNDS

HI1GGSSIGNALS

LoorTOOLS

MICROMEGAS

PACKAGE-X

SARAH

SCANNERS-2

TiKZ-FEYNMAN
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[80]

88, 89]

[51]

[90]

[91]

[73-76]

[92]

A fortran library for the numerical evaluation of one-
loop scalar and tensor integrals appearing in perturba-
tive relativistic QFT.

A Mathematica package for the generation and visual-
ization of Feynman diagrams and amplitudes.

A Mathematica package for symbolic evaluation of
Feynman diagrams and algebraic calculations in QFT
and elementary particle physics.

A code that uses the experimental topological cross
section limits from Higgs searches at LEP, the Tevatron
and the LHC to determine if a given parameter point
has been excluded at 95% C. L.

A code that performs a statistical test of the Higgs
sector predictions of arbitrary models (using the Hig-
gsBounds input routines) with the measurements of
Higgs boson signal rates and masses from the Tevatron
and the LHC.

A package for evaluation of scalar and tensor one-
loop integrals based on the FF package by G.J. van
Oldenborgh.

A code for the calculation of Dark Matter properties
including the relic density, direct and indirect rates in
a general supersymmetric model and other models of
New Physics.

A Mathematica package for the analytic computation
of one-loop integrals.

A Mathematica package for building and analyzing
SUSY and non-SUSY models and writing model files
for FeynArts.

A C++ tool for scanning the parameter space of arbi-
trary scalar extensions of the Standard Model.

A LaTeX package to draw Feynman diagrams.



Bibliography

10.

11.

12.

13.

14.

Dirac, PAUL A.M.: ‘Quantum theory of emission and absorption of radiation’. Proc.
Roy. Soc. Lond. A (1927), vol. A114: p. 243 (cit. on p. 1).

SHIFMAN, M.: Advanced Topics in Quantum Field Theory: A Lecture Course. Cambridge
University Press, 2012 (cit. on p. 1).

OPPENHEIMER, J. R.: ‘Note on the Theory of the Interaction of Field and Matter’.
Phys. Rev. (5 Mar. 1930), vol. 35: pp. 461-477. URL: https://link.aps.org/doi/10.
1103/PhysRev.35.461 (cit. on p. 1).

MANOUKIAN, E.B.: Renormalization. ISSN. Elsevier Science, 1983 (cit. on p. 1).

Hicas, PETER W.: ‘Broken symmetries, massless particles and gauge fields’. Phys. Lett.
(1964), vol. 12: pp. 132-133 (cit. on p. 1).

ENGLERT, F. and R. BROUT: ‘Broken Symmetry and the Mass of Gauge Vector Mesons’.
Phys. Rev. Lett. (1964), vol. 13. Ed. by TAYLOR, J.C.: pp. 321-323 (cit. on p. 1).

GURALNIK, G.S., C.R. HAGEN, and T.W.B. KIBBLE: ‘Global Conservation Laws and
Massless Particles’. Phys. Rev. Lett. (1964), vol. 13. Ed. by TAYLOR, J.C.: pp. 585587
(cit. on p. 1).

CHATRCHYAN, SERGUEI et al.: ‘Observation of a New Boson at a Mass of 125 GeV
with the CMS Experiment at the LHC’. Phys. Lett. (2012), vol. B716: pp. 30-61. arXiv:
1207.7235 [hep-ex] (cit. on p. 1).

AAD, GEORGES et al.: ‘Observation of a new particle in the search for the Standard
Model Higgs boson with the ATLAS detector at the LHC’. Phys. Lett. (2012), vol. B716:
pp. 1-29. arXiv: 1207.7214 [hep-ex] (cit. on p. 1).

KiNosHITA, T.: Quantum Electrodynamics. Advanced series on directions in high energy
physics. World Scientific, 1990 (cit. on p. 1).

TANABASHI, M. ET. AL.: ‘Review of Particle Physics’. Phys. Rev. D (3 Aug. 2018),
vol. 98: p. 0300012. URL: https://link.aps.org/doi/10.1103/PhysRevD.98.030001
(cit. on pp. 1, 5, 67, 68).

Zwicky, F.: ‘Die Rotverschiebung von extragalaktischen Nebeln’. Helv. Phys. Acta
(1933), vol. 6: pp. 110-127. URL: http://articles . adsabs . harvard . edu/pdf /
1933AcHPh. . .6..110Z (cit. on p. 1).

BERTONE, GIANFRANCO and DAN HOOPER: ‘History of dark matter’. Rev. Mod. Phys.
(2018), vol. 90(4): p. 045002. arXiv: 1605.04909 [astro-ph.CO0] (cit. on pp. 1, 2, 16).

MEEKINS, JOHN F'., GILBERT FRITZ, TALBOT A. CHUBB, H. FRIEDMAN, and RICHARD
C. HENRY: ‘Physical Sciences: X-rays from the Coma Cluster of Galaxies’. Nature
(1971), vol. 231: pp. 107-108 (cit. on p. 2).

87


https://link.aps.org/doi/10.1103/PhysRev.35.461
https://link.aps.org/doi/10.1103/PhysRev.35.461
https://arxiv.org/abs/1207.7235
https://arxiv.org/abs/1207.7214
https://link.aps.org/doi/10.1103/PhysRevD.98.030001
http://articles.adsabs.harvard.edu/pdf/1933AcHPh...6..110Z
http://articles.adsabs.harvard.edu/pdf/1933AcHPh...6..110Z
https://arxiv.org/abs/1605.04909

88

Bibliography

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

STEIGMAN, GARY, BASUDEB DAsSGuUPTA, and JOHN F. BEAcOM: ‘Precise Relic WIMP
Abundance and its Impact on Searches for Dark Matter Annihilation’. Phys. Rev. D
(2012), vol. 86: p. 023506. arXiv: 1204.3622 [hep-ph] (cit. on p. 2).

IvaNov, IGOR P.: ‘Building and testing models with extended Higgs sectors’. Prog.
Part. Nucl. Phys. (2017), vol. 95: pp. 160-208. arXiv: 1702.03776 [hep-ph] (cit. on
p. 2).

IsurwaTA, KoJ1 and TAkKASHI ToMA: ‘Probing pseudo Nambu-Goldstone boson dark
matter at loop level’. JHEP (2018), vol. 12: p. 089. arXiv: 1810.08139 [hep-ph] (cit. on
pp. 2, 3, 5, 6, 14, 16, 54, 72).

AZEVEDO, DUARTE, MATEUSZ DUCH, BOHDAN GRZADKOWSKI, DA HUANG, MICHAL
Icrickl, and Rul SANTOS: ‘Testing scalar versus vector dark matter’. Phys. Rev. (2019),
vol. D99(1): p. 015017. arXiv: 1808.01598 [hep-ph] (cit. on p. 3).

AAD, GEORGES et al.: ‘Combined Measurement of the Higgs Boson Mass in pp Collisions
at /s =7 and 8 TeV with the ATLAS and CMS Experiments’. Phys. Rev. Lett. (2015),
vol. 114: p. 191803. arXiv: 1503.07589 [hep-ex] (cit. on pp. 5, 67).

ARrcaADI, GIORGIO, ABDELHAK DJOUADI, and MARTTI RAIDAL: ‘Dark Matter through
the Higgs portal’. (2019), vol. arXiv: 1903.03616 [hep-ph] (cit. on p. 6).

Mo, H., F. van den BosCH, and S. WHITE: Galazy Formation and Evolution. Galaxy
Formation and Evolution. Cambridge University Press, 2010 (cit. on p. 7).

SCHNEIDER, PETER: Finfihrung in die extragalaktische Astronomie und Kosmologie.
Springer-Verlag, 2006 (cit. on p. 7).

MARRODAN UNDAGOITIA, TERESA and LUDWIG RAUCH: ‘Dark matter direct-detection
experiments’. J. Phys. (2016), vol. G43(1): p. 013001. arXiv: 1509.08767 [physics.ins-
det] (cit. on pp. 7, 8, 10, 16).

BovEIA, ANTONIO and CATERINA DOGLIONI: ‘Dark Matter Searches at Colliders’. Ann.
Rev. Nucl. Part. Sci. (2018), vol. 68: pp. 429-459. arXiv: 1810.12238 [hep-ex] (cit. on
p. 7).

CONRAD, JAN: ‘Indirect Detection of WIMP Dark Matter: a compact review’. Interplay
between Particle and Astroparticle physics (IPA2014) London, United Kingdom, August
18-22, 2014. 2014. arXiv: 1411.1925 [hep-ph] (cit. on p. 7).

AARTSEN, M. G. et al.: ‘Search for Dark Matter Annihilations in the Sun with the
79-String IceCube Detector’. Phys. Rev. Lett. (13 Mar. 2013), vol. 110: p. 131302. URL:
https://link.aps.org/doi/10.1103/PhysRevLett.110.131302 (cit. on p. 7).

CHol, K. et al.: ‘Search for Neutrinos from Annihilation of Captured Low-Mass Dark
Matter Particles in the Sun by Super-Kamiokande’. Phys. Rev. Lett. (14 Apr. 2015), vol.
114: p. 141301. URL: https://1link.aps.org/doi/10.1103/PhysRevLett.114.141301
(cit. on p. 7).

BERNABEL R. et al.: ‘The DAMA /LIBRA apparatus’. Nucl. Instrum. Meth. (2008), vol.
A592: pp. 297-315. arXiv: 0804.2738 [astro-ph] (cit. on p. 8).


https://arxiv.org/abs/1204.3622
https://arxiv.org/abs/1702.03776
https://arxiv.org/abs/1810.08139
https://arxiv.org/abs/1808.01598
https://arxiv.org/abs/1503.07589
https://arxiv.org/abs/1903.03616
https://arxiv.org/abs/1509.08767
https://arxiv.org/abs/1509.08767
https://arxiv.org/abs/1810.12238
https://arxiv.org/abs/1411.1925
https://link.aps.org/doi/10.1103/PhysRevLett.110.131302
https://link.aps.org/doi/10.1103/PhysRevLett.114.141301
https://arxiv.org/abs/0804.2738

89

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

APRILE, E. et al.: ‘The XENON100 dark matter experiment’. Astroparticle Physics
(Apr. 2012), vol. 35(9): pp. 573-590. arXiv: 1107.2155 [astro-ph.IM] (cit. on pp. 8,
9, 16).

LIN, TONGYAN: TASI lectures on dark matter models and direct detection. 2019. arXiv:
1904.07915 [hep-ph] (cit. on pp. 8-12).

SMITH, MARTIN C. et al.: ‘The RAVE Survey: Constraining the Local Galactic Escape
Speed’. Mon. Not. Roy. Astron. Soc. (2007), vol. 379: pp. 755-772. arXiv: astro-
ph/0611671 [astro-ph] (cit. on p. 8).

BAUER, MARTIN and TILMAN PLEHN: ‘Yet Another Introduction to Dark Matter’. Lect.
Notes Phys. (2019), vol. 959: pp.—. arXiv: 1705.01987 [hep-ph] (cit. on p. 9).

PROFUMO, STEFANO [VERFASSERIN|: An introduction to particle dark matter. Advanced
textbooks in physics. New Jersey: World Scientific, 2017 (cit. on p. 10).

PESKIN, MICHAEL E. and DANIEL V. SCHROEDER: An Introduction to quantum field
theory. Reading, USA: Addison-Wesley, 1995. URL: http://www.slac.stanford.edu/
~mpeskin/QFT.html (cit. on pp. 11, 19-22, 24, 36, 38, 42, 43, 55, 59, 63).

SCHWARTZ, MATTHEW D.: Quantum Field Theory and the Standard Model. Cam-
bridge University Press, 2014. URL: http://www . cambridge . org/us/academic/
subjects/physics/theoretical-physics-and-mathematical-physics/quantum-
field-theory-and-standard-model (cit. on pp. 11, 15, 22, 24, 29, 58, 59).

STEPPELER, PATRICK NORBERT: ‘Radiative corrections for the direct detection of
neutralino dark matter and its relic density’. PhD thesis. Munster U., ITP, 2016.
URL: https://www.uni-muenster.de/Physik.TP/archive/fileadmin/Arbeiten/
steppeler_phd.pdf (cit. on pp. 13-15).

ERrrAS, FATIH and FELIX KAHLHOEFER: ‘Loop-induced direct detection signatures
from CP-violating scalar mediators’. JHEP (2019), vol. 06: p. 052. arXiv: 1902.11070
[hep-ph] (cit. on pp. 15, 16, 53, 54, 57, 62-64, 68).

Hisano, Junur: ‘Effective theory approach to direct detection of dark matter’. (2017),
vol. arXiv: 1712.02947 [hep-ph] (cit. on pp. 15, 55).

GLAUS, S., M. MUHLLEITNER, J. MULLER, S. PATEL, and R. SANTOS: ‘Electroweak
Corrections to Dark Matter Direct Detection in a Vector Dark Matter Model’. JHEP
(2019), vol. 10: p. 152. arXiv: 1908.09249 [hep-ph] (cit. on pp. 16, 18, 71).

TAN, ANDI et al.: ‘Dark Matter Results from First 98.7 Days of Data from the PandaX-
IT Experiment’. Phys. Rev. Lett. (2016), vol. 117(12): p. 121303. arXiv: 1607 .07400
[hep-ex] (cit. on pp. 16, 17, 69).

AKERIB, D. S. et al.: ‘Results from a search for dark matter in the complete LUX
exposure’. Phys. Rev. Lett. (2017), vol. 118(2): p. 021303. arXiv: 1608.07648 [astro-
ph.CO] (cit. on pp. 16, 17, 69).

ANGLE, J. et al.: ‘First Results from the XENON10 Dark Matter Experiment at the
Gran Sasso National Laboratory’. Phys. Rev. Lett. (2008), vol. 100: p. 021303. arXiv:
0706.0039 [astro-ph] (cit. on pp. 16, 17, 69).


https://arxiv.org/abs/1107.2155
https://arxiv.org/abs/1904.07915
https://arxiv.org/abs/astro-ph/0611671
https://arxiv.org/abs/astro-ph/0611671
https://arxiv.org/abs/1705.01987
http://www.slac.stanford.edu/~mpeskin/QFT.html
http://www.slac.stanford.edu/~mpeskin/QFT.html
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
http://www.cambridge.org/us/academic/subjects/physics/theoretical-physics-and-mathematical-physics/quantum-field-theory-and-standard-model
https://www.uni-muenster.de/Physik.TP/archive/fileadmin/Arbeiten/steppeler_phd.pdf
https://www.uni-muenster.de/Physik.TP/archive/fileadmin/Arbeiten/steppeler_phd.pdf
https://arxiv.org/abs/1902.11070
https://arxiv.org/abs/1902.11070
https://arxiv.org/abs/1712.02947
https://arxiv.org/abs/1908.09249
https://arxiv.org/abs/1607.07400
https://arxiv.org/abs/1607.07400
https://arxiv.org/abs/1608.07648
https://arxiv.org/abs/1608.07648
https://arxiv.org/abs/0706.0039

90

Bibliography

43.

44.

45.

46.

47.

48.

49.

50.

ol.

52.

23.

o4.

95.

96.

APRILE, E. et al.: ‘XENON100 Dark Matter Results from a Combination of 477 Live
Days’. Phys. Rev. (2016), vol. D94(12): p. 122001. arXiv: 1609.06154 [astro-ph.C0]
(cit. on pp. 16, 17, 69).

APRILE, E. et al.: ‘Dark Matter Search Results from a One Ton-Year Exposure of
XENONIT’. Phys. Rev. Lett. (2018), vol. 121(11): p. 111302. arXiv: 1805 . 12562
[astro-ph.CO] (cit. on pp. 16, 17, 69).

MORIYAMA, S.: Direct Dark Matter Search with XENONnT. 2019. URL: http://www.
lowbg . org/ugnd/workshop/sympo_all/201903_Sendai/slides/8am/8am_6 . pdf
(cit. on pp. 16, 17, 69).

BILLARD, J., L. STRIGARI, and E. FIGUEROA-FELICIANO: ‘Implication of neutrino
backgrounds on the reach of next generation dark matter direct detection experiments’.
Phys. Rev. (2014), vol. D89(2): p. 023524. arXiv: 1307.5458 [hep-ph] (cit. on pp. 16,
17, 69).

DEsAI, ANAND and ALEX MoOSKOWITZ: ‘DMTools — Dark Matter Limit Plot Generator’.
(2013), vol. URL: http://dmtools.brown.edu (cit. on pp. 17, 69).

Liu, JIANGLAI, XUN CHEN, and XIANGDONG JI: ‘Current status of direct dark matter
detection experiments’. Nature Phys. (2017), vol. 13(3): pp. 212-216. arXiv: 1709.00688
[astro-ph.CO0] (cit. on p. 16).

AHLEN, S. P., F. T. AviaNONE, R. L. BroDpzINSKI, A. K. DRUKIER, G. GELMINI, and
D. N. SPERGEL: ‘Limits on Cold Dark Matter Candidates from an Ultralow Background
Germanium Spectrometer’. Phys. Lett. (1987), vol. B195: pp. 603-608 (cit. on p. 16).

ADE, P.A.R. et al.: ‘Planck 2015 results. XIII. Cosmological parameters’. Astron.
Astrophys. (2016), vol. 594: A13. arXiv: 1502.01589 [astro-ph.C0] (cit. on p. 17).

BELANGER, GENEVIEVE, FAWZI BOUDJEMA, ANDREAS GOUDELIS, ALEXANDER PUKHOV,
and BRYAN ZALDIVAR: ‘mictOMEGAS5.0 : Freeze-in’. Comput. Phys. Commun. (2018),
vol. 231: pp. 173-186. arXiv: 1801.03509 [hep-ph] (cit. on pp. 17, 68, 86).

READ, J. I.: ‘The Local Dark Matter Density’. J. Phys. (2014), vol. G41: p. 063101.
arXiv: 1404.1938 [astro-ph.GA] (cit. on p. 18).

PoLcHINSKI, JOSEPH: ‘Renormalization and Effective Lagrangians’. Nucl. Phys. B
(1984), vol. 231: pp. 269-295 (cit. on p. 21).

BoLLini, C.G. and J.J. GIAMBIAGI: ‘Dimensional Renormalization: The Number of
Dimensions as a Regularizing Parameter’. Nuovo Cim. B (1972), vol. 12: pp. 20-26
(cit. on p. 21).

Aok, K. 1., Z. Hioki, M. KoNnuMA, R. KAWABE, and T. MuTA: ‘Electroweak Theory.

Framework of On-Shell Renormalization and Study of Higher Order Effects’. Prog.
Theor. Phys. Suppl. (1982), vol. 73: pp. 1-225 (cit. on p. 26).

KRAUSE, MARCEL: ‘On the Renormalization of the Two-Higgs-Doublet Model’. MA
thesis. KIT, Karlsruhe, TP, 2016. URL: https : //www . itp . kit . edu/ _media/
publications/masterthesismarcel.pdf (cit. on pp. 27, 31, 40).


https://arxiv.org/abs/1609.06154
https://arxiv.org/abs/1805.12562
https://arxiv.org/abs/1805.12562
http://www.lowbg.org/ugnd/workshop/sympo_all/201903_Sendai/slides/8am/8am_6.pdf
http://www.lowbg.org/ugnd/workshop/sympo_all/201903_Sendai/slides/8am/8am_6.pdf
https://arxiv.org/abs/1307.5458
http://dmtools.brown.edu
https://arxiv.org/abs/1709.00688
https://arxiv.org/abs/1709.00688
https://arxiv.org/abs/1502.01589
https://arxiv.org/abs/1801.03509
https://arxiv.org/abs/1404.1938
https://www.itp.kit.edu/_media/publications/masterthesismarcel.pdf
https://www.itp.kit.edu/_media/publications/masterthesismarcel.pdf

91

o7.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

FLEISCHER, J. and F. JEGERLEHNER: ‘Radiative corrections to Higgs-boson decays in
the Weinberg-Salam model’. Phys. Rev. D (9 May 1981), vol. 23: pp. 2001-2026. URL:
https://link.aps.org/doi/10.1103/PhysRevD.23.2001 (cit. on p. 30).

KRAUSE, MARCEL, ROBIN LORENZ, MARGARETE MUHLLEITNER, RUI SANTOS, and
HANNA ZIESCHE: ‘Gauge-independent Renormalization of the 2-Higgs-Doublet Model’.
JHEP (2016), vol. 09: p. 143. arXiv: 1605.04853 [hep-ph] (cit. on p. 31).

KANEMURA, SHINYA, YASUHIRO OKADA, EIBUN SENAHA, and C.-P. YUuaN: ‘Higgs
coupling constants as a probe of new physics’. Phys. Rev. D (2004), vol. 70: p. 115002.
arXiv: hep-ph/0408364 (cit. on pp. 31, 32).

DENNER, ANSGAR, STEFAN DITTMAIER, and JEAN-NICOLAS LANG: ‘Renormalization
of mixing angles’. JHEP (2018), vol. 11: p. 104. arXiv: 1808.03466 [hep-ph] (cit. on
pp. 31, 32, 54).

DENNER, ANSGAR and STEFAN DITTMAIER: ‘Electroweak Radiative Corrections for
Collider Physics’. (2019), vol. arXiv: 1912.06823 [hep-ph] (cit. on pp. 35-37).

HUBBARD, J.H. and B.B. HUBBARD: Vector Calculus, Linear Algebra, and Differential
Forms: A Unified Approach. Prentice Hall, 1999 (cit. on p. 40).

DENNER, ANSGAR, STEFAN DITTMAIER, and LARS HOFER: ‘Collier: a fortran-based
Complex One-Loop Llbrary in Extended Regularizations’. Comput. Phys. Commun.
(2017), vol. 212: pp. 220-238. arXiv: 1604.06792 [hep-ph] (cit. on pp. 40, 86).

JEGERLEHNER, FRED: ‘Renormalizing the Standard Model’. (2019), vol. URL: http:
//wwu-com.physik.hu-berlin.de/~fjeger/fj/doc/tasi.pdf (cit. on p. 42).

DENNER, ANSGAR: ‘Techniques for calculation of electroweak radiative corrections at
the one loop level and results for W physics at LEP-200". Fortsch. Phys. (1993), vol. 41:
pp. 307-420. arXiv: 0709.1075 [hep-ph] (cit. on p. 42).

DEMTRODER, W.: Experimentalphysik 4: Kern-, Teilchen- und Astrophysik. Springer-
Lehrbuch. Springer Berlin Heidelberg, 2013 (cit. on p. 53).

ABE, TOMOHIRO, MOTOKO FUJIWARA, and JUNJI HISANO: ‘Loop corrections to dark
matter direct detection in a pseudoscalar mediator dark matter model’. JHEP (2019),
vol. 02: p. 028. arXiv: 1810.01039 [hep-ph] (cit. on p. 53).

SHIFMAN, MIKHAIL A., A. I. VAINSHTEIN, and VALENTIN I. ZAKHAROV: ‘Remarks
on Higgs Boson Interactions with Nucleons’. Phys. Lett. (1978), vol. 78B: pp. 443-446
(cit. on pp. 55, 56).

J1, X1ANG-DONG: ‘Breakup of hadron masses and energy - momentum tensor of QCD’.
Phys. Rev. (1995), vol. D52: pp. 271-281. arXiv: hep-ph/9502213 [hep-ph] (cit. on
p. 55).

BELANGER, G., F. BOUDJEMA, A. PUKHOV, and A. SEMENOV: ‘Dark matter direct

detection rate in a generic model with micrOMEGAs 2.2’. Comput. Phys. Commun.
(2009), vol. 180: pp. 747-767. arXiv: 0803.2360 [hep-ph] (cit. on p. 56).

Novikov, V. A., MIKHAIL A. SHIFMAN, A. I. VAINSHTEIN, and VALENTIN 1. ZA-
KHAROV: ‘Calculations in External Fields in Quantum Chromodynamics. Technical
Review’. Fortsch. Phys. (1984), vol. 32: p. 585 (cit. on pp. 57, 60).


https://link.aps.org/doi/10.1103/PhysRevD.23.2001
https://arxiv.org/abs/1605.04853
https://arxiv.org/abs/hep-ph/0408364
https://arxiv.org/abs/1808.03466
https://arxiv.org/abs/1912.06823
https://arxiv.org/abs/1604.06792
http://www-com.physik.hu-berlin.de/~fjeger/fj/doc/tasi.pdf
http://www-com.physik.hu-berlin.de/~fjeger/fj/doc/tasi.pdf
https://arxiv.org/abs/0709.1075
https://arxiv.org/abs/1810.01039
https://arxiv.org/abs/hep-ph/9502213
https://arxiv.org/abs/0803.2360

92

Bibliography

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

DITTMAIER, S. et al.: ‘Handbook of LHC Higgs Cross Sections: 1. Inclusive Observables’.
(Jan. 2011), vol. arXiv: 1101.0593 [hep-ph] (cit. on p. 67).

COIMBRA, RiTA, MARCO O. P. SAMPAIO, and RUI SANTOS: ‘ScannerS: Constraining
the phase diagram of a complex scalar singlet at the LHC’. Fur. Phys. J. (2013), vol.
C73: p. 2428. arXiv: 1301.2599 [hep-ph] (cit. on pp. 68, 86).

FERREIRA, P. M., RENATO GUEDES, MARCO O. P. SAMPAIO, and RUI SANTOS:
‘Wrong sign and symmetric limits and non-decoupling in 2HDMs’. JHEP (2014), vol.
12: p. 067. arXiv: 1409.6723 [hep-ph] (cit. on pp. 68, 86).

CosTA, RAUL, MARGARETE MUHLLEITNER, MARCO O. P. SAMPAIO, and RUI SANTOS:
‘Singlet Extensions of the Standard Model at LHC Run 2: Benchmarks and Comparison
with the NMSSM’. JHEP (2016), vol. 06: p. 034. arXiv: 1512.05355 [hep-ph] (cit. on
pp. 68, 86).

MUHLLEITNER, MARGARETE, MARCO O. P. SAMPAIO, RUI SANTOS, and JONAS
WITTBRODT: ‘The N2HDM under Theoretical and Experimental Scrutiny’. JHEP
(2017), vol. 03: p. 094. arXiv: 1612.01309 [hep-ph] (cit. on pp. 68, 71, 86).

BECHTLE, PHILIP, OLIVER BREIN, SVEN HEINEMEYER, GEORG WEIGLEIN, and KARINA
E. WiLLiams: ‘HiggsBounds: Confronting Arbitrary Higgs Sectors with Exclusion
Bounds from LEP and the Tevatron’. Comput. Phys. Commun. (2010), vol. 181: pp. 138—
167. arXiv: 0811.4169 [hep-ph] (cit. on pp. 68, 86).

BECHTLE, PHILIP, OLIVER BREIN, SVEN HEINEMEYER, GEORG WEIGLEIN, and KA-
RINA E. WiLLIAMS: ‘HiggsBounds 2.0.0: Confronting Neutral and Charged Higgs Sector
Predictions with Exclusion Bounds from LEP and the Tevatron’. Comput. Phys. Com-
mun. (2011), vol. 182: pp. 2605-2631. arXiv: 1102 . 1898 [hep-ph] (cit. on pp. 68,
86).

BECHTLE, PHILIP, OLIVER BREIN, SVEN HEINEMEYER, OSCAR STAL, TIM STEFANIAK,
GEORG WEIGLEIN, and KARINA E. WiLL1AMS: ‘HiggsBounds-4: Improved Tests of
Extended Higgs Sectors against Exclusion Bounds from LEP, the Tevatron and the
LHC’. Eur. Phys. J. C (2014), vol. 74(3): p. 2693. arXiv: 1311.0055 [hep-ph] (cit. on
pp. 68, 86).

BECHTLE, PHILIP, SVEN HEINEMEYER, OSCAR STAL, TIM STEFANIAK, and GEORG
WEIGLEIN: ‘HiggsSignals: Confronting arbitrary Higgs sectors with measurements
at the Tevatron and the LHC’. Eur. Phys. J. C' (2014), vol. 74(2): p. 2711. arXiv:
1305.1933 [hep-ph] (cit. on pp. 68, 86).

AALBERS, J. et al.: ‘DARWIN: towards the ultimate dark matter detector’. JCAP
(2016), vol. 11: p. 017. arXiv: 1606.07001 [astro-ph.IM] (cit. on p. 68).

GROsS, CHRISTIAN, OLEG LEBEDEV, and TAKASHI ToMA: ‘Cancellation Mechanism
for Dark-Matter—Nucleon Interaction’. Phys. Rev. Lett. (2017), vol. 119(19): p. 191801.
arXiv: 1708.02253 [hep-ph] (cit. on p. 72).

HABER, HOWARD E.: ‘Diagonalization of a 2 x 2 real symmetric matrix’. (2011), vol.
URL: http://scipp.ucsc.edu/~haber/ph116A/diag2x2_11.pdf (cit. on p. 77).


https://arxiv.org/abs/1101.0593
https://arxiv.org/abs/1301.2599
https://arxiv.org/abs/1409.6723
https://arxiv.org/abs/1512.05355
https://arxiv.org/abs/1612.01309
https://arxiv.org/abs/0811.4169
https://arxiv.org/abs/1102.1898
https://arxiv.org/abs/1311.0055
https://arxiv.org/abs/1305.1933
https://arxiv.org/abs/1606.07001
https://arxiv.org/abs/1708.02253
http://scipp.ucsc.edu/~haber/ph116A/diag2x2_11.pdf

93

84.

85.

86.

87.

88.

89.

90.

91.
92.

RoMAO, JORGE C. and JOAO P. SitvA: ‘A resource for signs and Feynman diagrams of
the Standard Model’. Int. J. Mod. Phys. (2012), vol. A27: p. 1230025. arXiv: 1209.6213
[hep-ph] (cit. on pp. 80, 81).

HaHN, THOMAS: ‘Generating Feynman diagrams and amplitudes with FeynArts 3’.
Comput. Phys. Commun. (2001), vol. 140: pp. 418-431. arXiv: hep-ph/0012260 [hep-
ph] (cit. on p. 86).

SHTABOVENKO, VLADYSLAV, ROLF MERTIG, and FREDERIK ORELLANA: ‘New Develop-
ments in FeynCalc 9.0’. Comput. Phys. Commun. (2016), vol. 207: pp. 432-444. arXiv:
1601.01167 [hep-ph] (cit. on p. 86).

MERTIG, R., M. BOoHM, and ANSGAR DENNER: ‘FEYN CALC: Computer algebraic
calculation of Feynman amplitudes’. Comput. Phys. Commun. (1991), vol. 64: pp. 345—
359 (cit. on p. 86).

Hann, T. and M. PEREZ-VICTORIA: ‘Automatized one loop calculations in four-
dimensions and D-dimensions’. Comput. Phys. Commun. (1999), vol. 118: pp. 153-165.
arXiv: hep-ph/9807565 [hep-ph] (cit. on p. 86).

OLDENBORGH, G. J. van and J. A. M. VERMASEREN: ‘New algorithms for one-loop
integrals’. Zeitschrift fir Physik C Particles and Fields (Sept. 1990), vol. 46(3): pp. 425—
437. URL: https://doi.org/10.1007/BF01621031 (cit. on p. 86).

PATEL, HIREN H.: ‘Package-X: A Mathematica package for the analytic calculation
of one-loop integrals’. Comput. Phys. Commun. (2015), vol. 197: pp. 276-290. arXiv:
1503.01469 [hep-ph] (cit. on p. 86).

STAUB, F.: ‘SARAH’. (2008), vol. arXiv: 0806.0538 [hep-ph] (cit. on p. 86).

Ervis, JosHuA: ‘TikZ-Feynman: Feynman diagrams with TikZ’. Comput. Phys. Com-
mun. (2017), vol. 210: pp. 103-123. arXiv: 1601.05437 [hep-ph] (cit. on p. 86).


https://arxiv.org/abs/1209.6213
https://arxiv.org/abs/1209.6213
https://arxiv.org/abs/hep-ph/0012260
https://arxiv.org/abs/hep-ph/0012260
https://arxiv.org/abs/1601.01167
https://arxiv.org/abs/hep-ph/9807565
https://doi.org/10.1007/BF01621031
https://arxiv.org/abs/1503.01469
https://arxiv.org/abs/0806.0538
https://arxiv.org/abs/1601.05437

Acknowledgements

Finally, I want to give thanks to everybody who supported me in accomplishing my master
thesis.

94

I want to thank Prof. Dr. M. Margarete Miihlleitner for giving me the opportunity to
work on this interesting topic, for the kind integration into her workgroup and for the
detailed feedback regarding my thesis.

I also thank Prof. Dr. U. Nierste for agreeing to be the second reviewer of my master
thesis.

Special thanks go to Jonas Miiller for the great, friendly and straightforward collabora-
tion and for him being (or at least seeming) never annoyed when he took the time to
discuss and answer my questions. I can only wish the future generations of bachelor
and master students to get an advisor like him.

I also want to thank Dr. Philipp Basler and Dr. Jonas Wittbrodt for their substantial
assistance in setting up SCANNERS-2 for the DCxSM.

Thanks to Martin Gabelmann who did more than once save my day by fixing a stubborn
IT issue.

I thank the members of the Dark Matter workgroup, Prof. Dr. Rui Santos, Dr. Shruti
Patel and Dr. Seraina Glaus, for the helpful discussions in our regular meeting.

Thanks to all members of the Institute of Theoretical Physics for providing a very
friendly and enjoyable atmosphere, which made me look forward to go to work (almost)
every morning.

Thanks to Belinda Benz and Philipp Loffler for proof-reading this thesis. Moreover,
a special thanks goes of course to Belinda for the countless discussions on Quantum
Field Theory and her moral support which significantly contributed to the successful
completion of this thesis.

Last but definitely not least I want to thank my parents, Claudia and Adrian Roémer,
for giving me the possibility to study physics. Their almost unconditional support for
anything I do is absolutely worth its weight in gold.



	Contents
	1 Introduction
	2 The Lagrangian and Parameters of the DCxSM
	3 Dark Matter Direct Detection
	3.1 Kinematics
	3.2 The Detection Rate
	3.3 The Cross Section
	3.4 The Nucleon Cross Section in Effective Field Theory
	3.5 Current Limits of Direct Detection Experiments
	3.6 The Relic Abundance

	4 Renormalization of the DCxSM
	4.1 Principles of Regularization and Renormalization
	4.1.1 Regularization
	4.1.2 Renormalization

	4.2 Higgs Self-Energy
	4.3 Tadpole Renormalization
	4.4 Mixing Angle Renormalization
	4.5 Renormalization of the Dark Matter Particle
	4.6 2–Higgs Vertex Renormalization
	4.7 Renormalization of Fermions 
	4.8 Renormalization of the Gauge Sector
	4.8.1 The Full Gauge Boson Propagator
	4.8.2 Counterterms in the Gauge Sector

	4.9 barqq–Higgs Vertex Renormalization
	4.10 Overview: Counter Propagators and Vertices

	5 The Amplitude of Dark Matter Direct Detection in the DCxSM
	5.1 Tree Level
	5.2 NLO Diagrams with External Quarks
	5.2.1 Propagator and Vertex Corrections
	5.2.2 Box and Triangle Diagrams

	5.3 NLO Diagrams with External Gluons
	5.3.1 Vertex and Propagator Correction Diagrams with External Gluons
	5.3.2 Triangle and Box Diagrams with External Gluons
	5.3.2.1 The Fock–Schwinger Gauge
	5.3.2.2 The Idea of the Background Field Method
	5.3.2.3 The Full Quark Propagator in a Gluon Background Field
	5.3.2.4 Constructing the Loop Amplitude
	5.3.2.5 Computing the Loop Integral


	5.4 Matching the Amplitude to the Effective Operators

	6 Numerical Analysis
	6.1 Numerical Values of the Parameters
	6.2 Parameter Scan
	6.3 Behavior with Respect to Selected Parameters and Gauge Dependence

	7 Conclusion
	Appendix
	A The Higgs Mass Mixing Angle
	B Vanishing Propagator and Vertex Corrections
	Glossary
	List of Figures
	List of Tables
	List of Used Software
	Bibliography
	Acknowledgements


